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In s t a lla t io n  P r ep a r a tio n s  fo r  
M a c in t o s h  S ystem s

The following preparation instructions apply to all Macintosh System 
versions. Do not follow these instructions if you are using a computer 
with Microsoft Windows.

Disk Backup

Serial
Number

System
Require
ments

Symbol Font 
and Greek 
Letters

Before you use the Theorist disks, you should make backup copies in 
case of errors or accidents which destroy the files on the disks. Your 
Macintosh manual explains how to copy a disk with the Finder, or you 
can copy the Theorist diskettes with a third party disk duplication 
program if you have one. After you have made copies, put the original 
Theorist diskettes in a safe place and do not use them; use only the 
backup copies.

Please take note of the serial number label on the Theorist application 
disks. This number is needed to install the program and is used when 
upgrading. Do not give your serial number to others. Write it in your 
manuals.

Theorist must be used on an Apple Macintosh Plus or later model 
Macintosh. (An older Macintosh upgraded to the equivalent of a Plus is 
satisfactory.) The minimum memory requirement is two megabytes 
(2Mb) total RAM. The Macintosh must be equipped with a hard disk, 
which should have at least 2Mb of free space for Theorist and its 
related files.

The Macintosh must be running System version 6.0.2 or a later version 
of Apple system software.

In order for you to use Greek letters and other symbols in your 
equations, you must have the Symbol font installed in your System. 
The Symbol font is supplied with all System versions released by Apple 
Computer.

The Symbol font can be found on one or more of the Apple Macintosh 
System software disks. Follow your Macintosh documentation to learn 
how to copy it to your System, if it is not already installed.
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Choosing an
Application
Edition

The 68040 CPU 
used in the Centris 
and Quadra mod
els has built-in 
FPU emulation.

The Theorist application on the disk labeled “Standard Application” is 
for use with the Macintosh Plus, SE, Portable, Classic, LC, Si, and 
other Mac models which have a 68000 central processor or models with 
other CPUs but no floating point processors. This application version, 
called the “standard version,” will also run on other Macs, but it will 
not be as fast as the special “FPU version” (described below) designed 
for them.

The Theorist application on the disk labeled “FPU Application” is for 
use with the Macintosh II models, Quadras, SE/30, Classic II, certain 
PowerBooks, and other Mac models which have a 68020, 68030, or 
68040 central processing unit and a 68881 or 68882 floating point unit. 
This application version, called the “FPU version,” will not work on 
machines not so equipped.

The Theorist application on the disk labeled “PowerMac Application” is 
for use with PowerMacintosh models. Do not attempt to run this 
PowerMac edition on other Macs.
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In s t a l l in g  T h e o r is t  o n  a  
M a c in t o s h  System

The following installation instructions apply to all Macintosh System 
versions. Do not follow these instructions if you are using a computer 
with Microsoft Windows.

Remove Old 
Versions

Theorist
Folder

Standard
Application
Disk

FPU
Application
Disk

If  you have an older version of Theorist, remove it and its notebook 
folders from your hard disk. (You can keep your own notebooks.)

With your Macintosh at the Finder (also called the desktop), create a 
new folder on your hard disk. Rename this empty folder to Theorist 
Folder.

If you plan to use the standard edition (i.e., the non-FPU edition) of the 
Theorist application follow these instructions. If  you plan to use the 
FPU edition or PowerMac edition, skip ahead to the heading “FPU 
Application Disk” or “PowerMac Application Disk”

Insert your backup copy of the disk labeled “Standard Application”. 
The floppy disk icon appears on the desktop, with an open window. 
From this window, select the Theorist® file, the New Notebook file, and 
the TheoText.CAT file, and drag them into the Theorist folder on your 
hard disk. Drag the floppy disk icon to the trash to eject the disk. Skip 
ahead to the instructions under the “Notebooks Disk” heading.

If you plan to use the FPU edition of the Theorist application follow 
these instructions. If you have already copied the standard version 
from the “Standard Application” disk, skip ahead to the instructions 
under the “Notebooks Disk” heading.

Insert your backup copy of the disk labeled “FPU Application”. The 
floppy disk icon appears on the desktop, with an open window. From 
this window, select the Theorist®/FPU file, the New Notebook file, and 
the TheoText.CAT file, and drag them into the Theorist folder on your 
hard disk. Drag the floppy disk icon to the trash to eject the disk. Skip 
ahead to the instructions under the “Notebooks Disk” heading.
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PowerMac
Application
Disk

Notebooks
Disk

Theorist
Application
Terminology

Personalizing
Theorist

If  you plan to use the Theorist on a PowerMacintosh follow these 
instructions. If you have already copied an edition of Theorist from the 
“Standard Application” disk or the “FPU Application” disk, skip ahead 
to the instructions under the “Notebooks Disk” heading.

Insert your backup copy of the disk labeled “PowerMac Application”. 
The floppy disk icon appears on the desktop, with an open window. 
From this window, select the Theorist®/PowerM ac file, the N e w  
Notebook file, and the T h e o T e xt.C A T  file, and drag them into the 
Theorist folder on your hard disk. Drag the floppy disk icon to the 
trash to eject the disk.

Insert your backup copy of the disk labeled “Notebooks”. The floppy 
disk icon appears on the desktop, with an open window. From this 
window, select the M athem atics folder, the Color G raphics folder, and 
the Graphics folder, and drag them into the Theorist folder on your hard 
disk. Drag the floppy disk icon to the trash to eject the disk.

From now on this manual refers to “the Theorist application,” which 
can mean any edition from the three application disks, depending on 
which one you installed. Ignore minor differences such as the file name 
(e.g., Theorist®, Theorist®/FPU, or Theorist®/PowerM ac).

Double-click on the Theorist application icon (which is now in your hard 
disk’s Theorist Folder):

• v t
Theorist®

The first time you open Theorist, a dialog appears for personalizing 
your copy of Theorist. Enter your name, organization, and serial 
number (which is found on the Standard Application Disk) in the places 
provided. (The first part of the serial number is done for you; you must 
enter the last eight characters—six digits, a hyphen, and a capital 
letter—from your serial number label.) When you have completed the 
information click OK or press llretornĵ
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You may not leave 
any of these 
blank.

Personalize

Personalize your copy of Theorist
Enter your first and last name, your organization or 
address, and the serial number from your diskette.

Name:

Steue N. Marfloui

Organization or Rddress:

Uaporiuare Research, Inc.

Serial Number: TRS-MRC-200E- I23456-fl OK

After you enter the information and click OK another dialog appears 
and says the personalization was successful and you must click OK once 
more, which causes Theorist to quit. At this point, installation of 
Theorist is complete and you may begin using it.

If you do not get the “success” dialog, try again, remembering that you 
must specify the correct serial number, and give your first and last 
names and an organization name at least six characters long.

Using the 
Application

To open the Theorist application from the Finder, double-click on the 
Theorist icon.

G
2 n i

Theorist®

Closing the 
Application

To stop using Theorist, choose Quit from the File menu. (It may ask 
you to save open files.)

Moving Files 
and Folders

The New Notebook file and the TheoText.CAT file must be in the same 
folder as the Theorist application or Theorist will not work properly. 
You can do whatever you want with the mathematics and graphics 
folders (e.g., rename, move, delete), but to avoid confusion it is best to 
leave them as they were installed.
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Increasing 
Application 
Memory Size

This dialog looks 
slightly different 
under different 
System versions.

Shown here is 
3000K (three 
thousand kilo
bytes), which is 
3Mb (three 
megabytes).

To create large notebooks and QuickTime animations, you must 
increase the Theorist application memory size. To do this, select the 
application in the Finder and choose Get Info from the File menu to 
bring up the Info dialog.

Theorist®/FPU Info
2mfi

05NJSS Theorist®/FPU
2.00 Oct 17, 1994

K in d : application program
S iz e :  924K on disk (942,522 bytes used)

V h e r e : Userdisk: Theorist:

C re a te d : Sat, Oct 1, 1994, 10:49 AM 
M odified: Mon, Oct 3 , 1994, 1 :54 PM 

V e rs io n : 2.00 Oct 17, 1994

Com m ents:

I I Locked

■Memory Requirem ents -•••••' 
Suggested s ize : 1500 K

Minimum size : 1500 K

Preferred s ize : 1500 K

The box in the lower right hand corner specifies the memory to be used 
by the application. Enter the desired number where it says “Current 
size” or “Preferred size”.

•Memory R e q u ire m e n ts.....
Suggested s ize : 1500 K

Minimum s ize :

Preferred s ize :

1500

3000
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I n s t a lla t io n  Pr ep a r a tio n s  fo r  
W in d o w s  System s

Disk Backup

Serial
Number

System
Requirements

Symbol Font 
and Greek 
Letters

The following preparation instructions apply to computer systems 
equipped with Microsoft Windows Do not follow these instructions if 
you are using a Macintosh computer.

Before you use the Theorist disks, you should make backup copies in 
case of errors or accidents which destroy the files on the disks. Your 
Windows and/or DOS manuals explain how to copy a disk. After you 
have made copies, put the original Theorist diskettes in a safe place and 
do not use them; use only the backup copies.

Please take note of the serial number on the disk labeled Install 1. This 
number is needed to install the program and is used when upgrading. 
Do not give your serial number to others. Write it in your manuals.

Theorist must be used on an IBM PG compatible computer with an 
80386 or later CPU running Microsoft Windows version 3.1 or later in 
enhanced mode. The machine must be equipped with at least four 
megabytes (4Mb) of memory and a hard disk, which should have at 
least 2Mb of free space for Theorist and its related files.

Theorist also requires DOS version 3.1 or later. (To check your system 
version, enter VER at the > DOS prompt.)

Best performance is achieved with an 80386 (with math co-processor) or 
80486 or better system with four megabytes of memory and a VGA color 
monitor.

In order for you to use Greek letters and other symbols in your 
equations, you must have the Symbol font installed for use with 
Windows. The Symbol font is supplied with all Windows versions 
released by Microsoft.

Follow your Windows documentation to learn how to install it on your 
system, if it is not already installed.
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I n s t a l l in g  T h e o r is t  o n  a  
W in d o w s  System

Starting from 
Windows

The following installation instructions apply to computer systems 
equipped with Microsoft Windows Do not follow these instructions if 
you are using a Macintosh computer.

These instructions assume the hard drive is the C: volume and the 3.5" 
floppy drive is the A: drive. Substitute other letters as needed.

Insert the disk labeled Install 1 into the 3.5" floppy drive.

With your computer currently running Windows, close any open 
applications. From the Windows Program Manager’s File menu, choose 
Run to open the Run dialog. In the Command Line box type adnstall 
or b:install, depending on which drive you are using.

Command Line: m m
a: install 9 m m m

I I Run Minimized

Click the OK button to start the Theorist installation program. This 
takes a few moments.

If you encounter a problem or become lost or confused during this 
installation, just accept all the default options along the way (e.g., click 
OK or the highlighted buttons) and everything will turn out fine.
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Using the
Install
Program

Exit Install

Continue Install 

Copying Files

The Install program starts up and shows the following dialog.

Theorist Installation

This program will attempt to create the 
following directory on your drive and set 
up Theorist.
If you want to install it in a different 
directory and/or drive, type or select the 
path below.

I c:\theorist

Theorist requires 1872 Kb of free space 
on the drive.

Continue

The installer will create a new directory named Theorist at the path 
specified in the dialog. (If you want a different name or a different 
directory, type a new pathname in the box.)

If you do not wish to install Theorist at this time, choose EHit to leave 
the Install program and return to the Windows Program Manager. No 
files are installed if you do this.

Click Continue to install Theorist.

When you continue with the installation, the Install program decom
presses and copies various files to the specified directory and informs 
you of its progress.

Theorist Installation

Expanding |
Description: 
From File.
To File.
nompleied.

theo32.exe 
b \theo32 ev$ 
c \theorist',theo32 exe

Cancel
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Creating a 
Group

You may type 
another name for 
the group.

Win32s Setup

Exiting the 
Installer

Personalizing
Theorist

After the files are copied to your hard disk, the Install program asks 
whether you want to create a Theorist group or skip it.

Theorist Installation

<£_A ± a 9 i
A set of icons will now be added to the 
following Program Manager group
If you want to place the icons in a 
different group., type the name of the 
new or existing group below

£reate

Skipmpiwppwt

Theorist
mmmmm

If the group does not exist, it will be 
created. ■

Unless you are re-installing Theorist and already have an Theorist 
group, click Create.

Next, depending on your computer system, the installer runs the 
Microsoft Win32s setup program. Follow the instructions.

When the installer is finished, it returns to the Windows Program 
Manager, where the Theorist group is open for you.

Double-click the Theorist application icon from the Program Manager to 
run Theorist.

The first time you open Theorist, a dialog appears for personalizing 
your copy of Theorist. Enter your name, organization, and serial 
number (which is found on the Install 1 disk) in the places provided. 
(The first part of the serial number is done for you; you must enter the 
last eight characters—six digits, a hyphen, and a capital letter—from 
your serial number label.) When you have completed the information 
click OK or press jjrefurrj #
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You may not leave 
any of these 
blank.

Personalize

Personalize your copy of Theorist

Enter your first and last name, your organization or 
address, and the serial number from your diskette.

Name:

Steue N. Marfloiu

Organization or Rddress:

Uaporuiare Research, Inc.

After you enter the information and click OK another dialog appears 
and says the personalization was successful and you must click OK once 
more, which causes Theorist to quit. At this point, installation of 
Theorist is complete and you may begin using it.

Using the 
Application

Closing the 
Application

Moving Files 
and
Directories

To open the Theorist application from the Program Manager, double
click the Theorist icon.

To stop using Theorist, choose Emit from the File menu. (It may ask 
you to save open files.)

The files NewNote.The and TheoText.CAT must be in the same directory 
as the Theorist application or Theorist will not work properly. You can 
do whatever you want with the mathematics and graphics directories 
(e.g., rename, move, delete), but to avoid confusion it is best to leave 
them as they were installed.
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P r elim in a r ies

The tutorials in this manual follow a progression from simple to com
plex. In general, each tutorial describes a particular problem then 
shows you step by step how to solve the problem using Theorist. If  you 
are inclined to a less structured approach, feel free to work with the 
program independently. If this is your approach, you will find pointers 
to useful information in the index to this manual and the Reference 
Manual. If you need help, use Theorist’s on-line help system (Balloon 
Help on the Macintosh). Good luck and happy learning.

Anomalies

New
Notebooks

Basics

Entering
Equations

This manual uses screen shots of windows and dialogs which may have 
slightly different borders and controls than windows on your screen. 
There also may be minor font differences between this manual and your 
Theorist, including the fonts used in equations. The arrangement of 
terms in expressions may be different (even though mathematically 
equivalent). Such differences are of no concern, as they do not affect 
your use of Theorist.

Each tutorial assumes you are starting fresh with a new notebook. To 
create a new Theorist notebook, choose New Notebook from the File 
menu. Some tutorials also make use of special rules and declarations in 
the New Notebook file supplied with Theorist. This file (named 
NewNote.The for Windows or New Notebook for Macintosh) must be in 
the same directory as the Theorist application program or Theorist will 
not have the special rules when it creates a new notebook.

When you launch Theorist, the program opens a blank, untitled doc
ument, a Theorist notebook. Start each tutorial with a new notebook 
with the default settings. To create a new notebook with the program 
already running, choose New Notebook from Theorist’s File menu.

You enter equations in Theorist by typing at the keyboard. (You can 
also use an on-screen palette to enter some parts of an equation.) If the 
manual says, “Type: 2*x+y-z”, type in the characters from the key
board. Characters in this bold typeface, x*y for example, are for you to 
enter.

For example, if the manual states:

Enter: 2*x=y llret“"l (zA3)=2*x
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Some of these 
keystrokes are for 
Macintosh (||option| 
and QO), while 
some are for 
Windows ( 0  and
Blip.

Where this 
manual refers to 
the Return key, it 
also means the 
Enter key on IBM 
PC compatibles.

Type the characters, but press the Return key (Macintosh) or Enter key 
(Windows) between the two equations.

Special characters are often indicated by the keystrokes used rather 
than the resulting character. For example, to create a lower case Greek 
Gamma (y), you press the 0  key followed by the 0  key. The manual 
may indicate this with the following:

Enter: 2*'g=y

Note that ’g produces a different character than G  so be sure to use 
Shift for upper case when called for.

You are expected to use the Shift key, without instruction, for char
acters such as *, A, (, and).

The following table shows how a keyboard formula may appear in the 
manual, how to type it, and the result it has in Theorist.

Formula How to Type It Result
g Press the 0  key g
G Hold down ft sh||H as you press 0 G
G eorge Press lLiiiJ0, then 0 ,  0 ,  0 ,  0 ,  and 0 George
'g Press 0  then 0  (no Shift!) t
'G Press 0  then hold ft *hi|t 1 and press 0 r
PJfCMTfGl Hold 0  & (10 as you press 0  (no Shift) t||option||G J Hold jgas} as you press 0  (no Shift) y
OHD Hold (DU as you press 0  (no Shift) Graph
IfOrilfGl Hold ( 0  as you press 0  (no Shift) Graph
x Ay  0  z Press 0 t ft 10. 0 ,  0 ,  and 0 3&Z
2 |[sp°«i x Press 0 , then ft«p°<”l. and then 0 2x
e m Hold 0  as you press slash key Division

Do not press Return or Enter unless you are specifically told to do so. If 
you have used command-driven or line-oriented software programs 
before and you are accustomed to pressing Return or Enter at the end of 
an input line in order to execute the command, you must unlearn this 
habit. Pressing Return in Theorist creates a new expression. Pressing 
Enter on the keyboard’s numeric keypad has another, entirely different 
effect. Remember: do not press Return or Enter at the end of a line.

The tutorials do not always use the fastest method for entering equa
tions. Instead, the most easily understood (and remembered) tech
niques are displayed. For shortcuts and command key equivalents, see 
the Reference Manual.

Theorist uses most of the standard text-editing conventions. However, 
there are certain differences between Theorist and other software 
programs. These may be surprising at first, but are designed to 
improve your efficiency as you work with WYSIWYG equations. For 
example, the Escape key moves the cursor out of the current selection 
to the next hierarchical level in the expression. You make selections in
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the normal fashion by dragging the mouse pointer, but you can also 
make multiple selections by holding the Shift key and dragging over 
additional selections. The arrow keys move the cursor and the Tab key 
also changes the selection, when possible. The Delete (or Backspace) 
key generally erases the current selection or the character to the left of 
the cursor. However, Delete also changes the current selection. Be 
careful typing Delete repeatedly; you may lose large pieces of expres
sions. (Note: if your keyboard has a E> key it is not the
Delete/Backspace key so do not use it as such.) If  you make a mistake 
entering a formula, try the Undo command from the Edit menu (or
click the button on the palette).

While you are learning Theorist and working through these tutorials, 
you may want to delete an entire incorrect equation (rather than trying 
to edit it) and re-type the whole equation.
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Q u ic k  So lv e  a n d  G raph

This tutorial provides a very quick introduction to entering an equation, 
manipulating it, and creating a three-dimensional graphic representa
tion of the original equation.

Launch Theorist by double-clicking on its application icon in the Finder 
(Macintosh) or Program Manager (Windows).

Type z=1.5Ax 0  *sin(y), which gives you:

Select the x by dragging over it. Choose I solate from the Manipulate 
menu to solve the equation for x

Notice Theorist shows the manipulation step name to the right of the 
resulting equation.

Select they in the result. Choose Isolate from the Manipulate menu 
to solve the equation for y.

Select the z in the result and, once again, choose Isolate from the 
Manipulate menu to return the equation to its original form.

With the cursor (or any selection) anywhere in the latest equation, pull 
down the Graph menu and move the pointer to the Z = f(x ,y) item, 
which drops down a submenu. From this submenu, choose Ilium. 3D. 
A dialog box appears to verify the axis variables; click OK to accept the 
default assignments. Theorist creates an Illuminated three-dimen
sional graph of the equation.

Q z  = l.B*sin(y)

Qz = 1.5*sin(y)

Theorist Learning Guide



To rotate the display, point to the graph surface with the mouse (the 
pointer becomes a hand). Click and hold down the mouse button and 
drag the graph surface to the left or right. Notice how the graph moves 
with the hand. Try dragging the image in a complete circle. Or drag 
the graph so you see it from the top.
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Notebooks
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B a s ic  C o n c e p t s

This chapter describes some basic concepts in Theorist including:

• The components of a Notebook, Theorist’s file format
• How to enter equations from the palette and from the keyboard
• How to select parts of an expression
• How to edit expressions

When you start up the Theorist application, the screen looks like the 
following on a Macintosh.

File Edit Notebook Manipulate Graph Jtrti ^

B  8s e  m  0

j/ J T j  7 3 9 
j f r j j t j  4 5 6 

Xnj 1 2 3 
e

n k a
e n z
i c y
d b x

n

■ l i t

m

Under Microsoft Windows, when you start up the Theorist application, 
the screen appears like the following.
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The Return key on 
most IBM PC type 
keyboards is 
labeled Enter 
instead of Return.

The large window—named “Untitled 1” and “U ntitll.the” in these 
examples—is your notebook, or work area. It is analogous to a word 
processor document or a spreadsheet program file but is perhaps most 
like an outliner document.

On the above screen, this window shows two Theorist “propositions.” 
The first one, “Declarations,” is a comment, a heading for the notebook. 
You can type anything into it and it is ignored by Theorist in 
calculations. Go ahead and do this now: click the pointer anywhere in 
the word “Declarations” and when the blinking cursor appears, start 
typing. (If you are wondering why it is named Declarations and what 
the dots below it are for, this particular comment has some special 
declarations hidden inside it, but we will discuss this later in the 
“Name Declarations” tutorial.)

The second proposition is an assumption—an equation that you type to 
tell Theorist something. Notice that the comment has a quotation 
bubble icon to its left, whereas the assumption has a rounded-corner 
square icon. These proposition icons represent two types of propo
sitions. There are many other types, discussed later in this manual.

You can make more assumptions by pressing Return and you can make 
more comments by pressing Enter on the numeric keypad. Press If̂ H 
now and a bubble icon appears with a blinking cursor. Type “hello”. 
Press li i|wi<im|) which adds a line to the current comment. Type “world”.
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Entering
Equations

Palette Entry

There is a prefer
ence option to 
prevent the palette 
from switching 
automatically.

Use the mouse pointer to select the word “world.” You can either drag 
over it, double-click it, or Shift-click it to make the selection. Press 
(or Backspace) and notice the selection disappear.

You can select propositions by clicking on their icons. A proposition 
selection is different from an equation selection and manipulations 
have different effects on these different selections. Press IH-H and type 
z=1.5Ax 0  *sin(y). Click on the equals sign to make an equation 
selection. Click on the square assumption icon to make a proposition 
selection. Notice the difference in the way the two selections are 
highlighted.

Proposition Selection Equation Selection

You can delete a proposition by selecting it and pressing Delete on the 
keyboard.

Theorist gives you two methods of entering expressions and equations: 
keyboard entry and palette entry. Keyboard entry consists of typing 
formulas as in a programming language or spreadsheet; it may be hard 
to learn for some, but it is fast. Palette entry lets you use the mouse to 
click on palette buttons on the screen that represent various symbols 
and operators. Both methods are reasonably fast, but the keyboard 
method is faster for experienced users.

Theorist has a rectangular palette at the top of the screen for entering 
equations. Like a window, you can drag it to other locations on the 
screen and you can have it showing or hidden. Actually, it is two pal
ettes in one. The variables palette, labeled with the big x, is for 
entering names for variables and constants. The functions palette, 
labeled with the big f(x), is for entering operators and functions. 
Clicking on the big x or fix) buttons toggles between the variables and 
functions palettes. Do this now and notice the palette switching 
between the two sides.

When you click on a palette button, the desired symbol, function, or 
operator appears in your notebook and the palette switches sides, an
ticipating your next entry. For example, click on the a  button from the 
variables palette; it switches over to the functions palette. Click the on 
the exponent button Q c and the palette toggles back to the variables. 
Click the y button. The process continues. What you just clicked is the 
palette equivalent of the keyboard formula aAy.

The palette method of entering expressions is affected by a special op
tion, described below.
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Keyboard Entry

Fortranish is 
similar to other 
programming 
languages and 
spreadsheets, too. 
The significant 
difference be
tween Fortranish 
and non-Fortran - 
ish is the escape 
level behavior.

Theorist has two styles of entering expressions from the keyboard. The 
default style works in much the same way expressions are entered into 
Expressionist, if you are familiar with that program. The other style, 
‘Fortranish,’ works like—you guessed it—the FORTRAN programming 
language.

The two styles are very similar. You can type in expressions in a 
manner similar to the way you would type them into a computer 
spreadsheet or into a Pascal program. Addition and subtraction are 
represented by the familiar “+” and characters; multiplication is 
and division is “/”. For a complete listing, see the Theorist Reference 
Manual.

For example, try typing (aA2)=(xA2)+2*x*y+yA2, which appears in 
your notebook as:

Choose Clarify from the Notebook menu to eliminate the un
necessary parentheses, which gives you:

Notice that Theorist figures out what to do as you type. For instance, 
when you type (xA2)+2 it gives you x2 + 2. To change this grouping, 
type as you would in a spreadsheet, without parentheses. If you want 
x2+2, type in x A2+2. Try this by pressing Ih l̂ and typing y=x-l/x+l It 
looks like:

Notice that as you type the expression, the “(” makes both the opening 
and closing parentheses (). When you type the “)” closing parenthesis, 
you are telling Theorist you are done typing the contents of the paren- 
theses and it places the blinking cursor to the outside of the parenthe
ses. With this scheme, you never have mismatched parentheses.

Sometimes, Theorist changes parentheses to brackets and braces, and 
vice versa. Do not be alarmed; this has no effect on how the equation is 
manipulated; it only affects the screen display. You may even type []’s, 
0 ’s, and ()’s at will, as they are interchangeable. Internally, Theorist 
knows what is enclosed in what and never needs to see the parentheses

□  (a2) = (ar2)+2a:y +y2

But if you press Ih-H and type y=(x-l)/x+l, you get:
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Fortranish

Hiding the 
Palette

to understand it. They are there for your benefit in your efforts to enter 
expressions.

Theorist removes parentheses that are unneeded, especially in expo
nents, subscripts, and the tops and bottoms of fractions. Even though 
Theorist does not always show parentheses in these, you generally have 
to use parentheses while typing them in or Theorist misinterprets your 
meaning. When you need to enclose something in parentheses after it 
has been typed in, select it whole and type an open parenthesis: “(“.

In many cases, you can enter expressions without the unneeded paren
theses. The Escape key moves the selection (the blinking cursor) so 
parentheses are not necessary. For example, if you wanted to create 
the expression x2 + 2 with the Fortranish option off, you could type 
(xA2)+2 or xA2 10 +2. Notice how as you type the Escape key, the 
selection moves from the superscript area back down level with the x.

You have seen Theorist accepts keyboard formulas with the Fortranish 
option off, which may be the preferable choice for new Theorist users 
and experienced Expressionist users. However, people accustomed to 
entering formulas in spreadsheets and programming languages may 
prefer Fortranish keyboard entry, which we will explore now to show its 
differences.

Press If^l and type xA2+2. Notice how the + 2 stays up at the exponent 
level.

o 2+2
Choose the Fortranish item from the Notebook menu’s Preferences 
submenu. Again, press l[f°,urnl and type x A2+2. Notice how the cursor 
automatically drops to the x level for the + 2.

Q ar2+2

With the Fortranish option on, re-enter the other equations and notice 
the differences.

When you become proficient at keyboard entry, you may want to 
remove the palette at the top of the screen. Choose Palette from the 
Notebook menu’s Windows submenu to un-check the menu item and 
hide the palette. (This also gives you more room for the notebook 
window.)

There are more details to entering complicated equations; examples in 
the following tutorials show you how. The Theorist Reference Manual 
has everything you need to know about entering equations into Theorist 
in its Expressions and Editing sections.
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Exercise Try to create the following equation by first using the palette, then us
ing non-Fortranish keyboard entry, then a Fortranish formula.

Selecting

Selection
Shortcuts

Hint: It does not need to look exactly the same, just as long as it has 
the same meaning. Effective use of parentheses is the key to success.

If  you find you can construct it without difficulty using a particular 
method, consider using that equation entry method from now on.

You make a selection so that you can then instruct Theorist to change, 
delete, or otherwise modify the selection by some action. Most manipu
lations and commands need a selection in order to work.

As you may have realized by now, you can select any part of any equa
tion or expression simply by clicking and dragging with the mouse. 
However, you can not select an op, such as = or +, by itself; you must 
include the terms it operates on, such as x = y or a  + b.

There are shortcuts for selecting with the mouse pointer. For instance, 
you can select an entire equation just by clicking on its equal sign:

Another shortcut is to select a sum of terms by double-clicking on an 
addition sign in the expression:

□ B S E

You may select integrals by clicking on an integral sign:■ 1
2

Double click here and drag to the right just a bit:

...to select this term:

□  *
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Select cross products by clicking on the cross product symbol:

Multiple
Selections

Note: You can't 
make multiple 
selections in 
comments.

Selection Tools

By now you should have an idea of how selection shortcuts work. The 
general rule of thumb is to click or double click on the symbol or opera
tor. Try experimenting with selection shortcuts by creating large equa
tions and clicking various locations within the equation.

You can make multiple selections by Shift-clicking, which involves 
holding down the Shift key as you click down. Try making two or three 
selections in different equations in your window. Then, try typing 
something in. Whatever command you choose or whatever you type 
affects all the individual selections simultaneously.

Every time you click without Shift, you start another selection, de
selecting your previous selection. After the first, every Shift-click adds 
to the set of selections. If you try to add another selection that is inside 
(or another part of) an existing selection, you de-select both.

The palette has five buttons especially for changing the selection. Let’s 
enter an expression to explore these selection tools. Make a new
assumption (press Ik"™I) and click the palette button, then fill in the 
question marks to make the following equation. (After entering the 
summation, you can type k  ED 1 ED 4 0  x Ak  0  =y.)

4

□  Z  xf t=y
ft = 1

Click the equation’s equal sign to select the whole equation. Click the 
Select In button to make the following multiple selection.

v  2Select the k in the summation index. Click the Select Next X  n button 
repeatedly and notice the selection change. Press Tab or type a colon to 
do the same thing.

4 * a

□  O z / = y  O z » * = y
0 = 1  *  = u *  = l
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(Leave the 4 selected.) Press 0  and click Select Next repeatedly and 
notice the changing selection.

o m * k = y □  z  M = y
k = l

(Leave the xb selected.) Click the Select First S3 \ button to select the 
first element in the current selection, which happens to be x

□  I  r = y
k  = 1

Click the Select Out n j  button.

□  I
k  = 1

= y

Click Select Out twice again and notice the changing selection.

□ =y □  Z  xk =y
ft =  l

Click the Select In button repeatedly and notice the selection 
change each time.

a a
3

■

Click the Select Proposition button and the entire proposition 
(including its icon) is selected.

□  £  * * = ?  
fe = i
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See Appendix A 
for a list of key
stroke equivalents 
for these selection 
tools.

Modifying
Equations

You should be able to select just about any individual character or 
expression with these selection tools, but there is always the standard 
click and drag method for when they can not help you.

Modifying equations can seem to be somewhat counter-intuitive.

If you are trying to delete something, it is best to select it, and press 
Delete one or more times to get rid of it. Sometimes it takes a few dele
tions; frequently Delete leaves a question mark as a place-holder, which 
gets deleted with the next keystroke. As you continue to type Delete, it 
gradually unravels the whole equation or expression.

Create a new notebook (with Fortranish off). Type y+z+3xA2. Select 
the 2. Press lk«i»>»l. Keep on pressing until you have nothing left. 
Repeat as often as necessary in order to understand it.

If you are trying to replace something, it is best to select what will be 
replaced, and then type in the new expression.

Create a new assumption (press llreiu™l) and enter the same expression 
again. Select the 2 and type 5+n. Select the x and type sqrt(2). Select 
the y + z and type sin(x).

□  sin(ar) + a/25+Ji
When augmenting an expression with new parts, the new parts almost 
always start with an operator. In this case, select what you want to 
enclose in the op and then type the operator or click it from the palette.

Create a new assumption and type 3xA2 . Select the 3. Type+a. Then, 
press lk«i«>e| twice to get rid of it.

Select x. Type +a, then press twice to get rid of it.

Select the 2. Type +a, then press twice to get rid of it.

When you replace a negated expression, you must press Delete before 
typing the new expression. For example, select the 2 and type -a. press 
fiddftel three times to get rid of it. Two Deletes are not enough to get rid of 
the negation.
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N o t e b o o k  St r u c t u r e

This chapter describes:

• Using Theorist’s outlining tools
• Creating and editing Comment propositions
• The Notebook Font

Outlining

Dragging a Prop
osition Outline 
with the Hand 
Cursor

Theorist allows you some degree of flexibility in arranging the 
ingredients of notebooks.

Create a new notebook and type 1 into the empty assumption. Press 
IIreturn | and type 2. Repeat this process through ten.

Click on the second proposition icon so it is selected.

With the pointer over the icon, hold down the 0 0  key (Macintosh) or 1̂ 3 
key (Windows). Notice how the pointer turns into a pointing hand. 
With 0 0  or EH held, click and drag the second icon about the screen. 
(Once you start dragging, you may stop holding the key.) Note that an 
outline of the proposition is dragged around.

Also notice that at certain locations on the screen, highlights appear 
under the hand. These are locations where you can drop whatever the 
hand is holding. Most places between propositions can accept a new 
proposition. If a location does not highlight, you may not place any
thing there.

Drop 2 between 4 and 5. Then take 10 and move it to the right of 1.

(=) Declarations

m ............................

□  2

Q 3
1.4.......
; s ...........

Moving Proposition #2

 .

. . ^ i . ............

(=) Declarations

□  3
□  4
□  2  □ 5
Moving Proposition #10
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Now put them all back in order again.

Now that everything is back in order, we will move multiple 
propositions at a time. Select 3 and 4. To do this, click 3’s icon to select 
it, then hold the Shift key as you click 4’s icon to select it. Hold down 
the 0 0  or O  key and drag 3 and 4 (as a group) to a new location 
between 1 and 2.

Q-*
□  4

Once again, rearrange all of the propositions so they are back in order. 

Take the second proposition and move it to the right of the first.

(=) D eclarations

D .2
Every Theorist proposition can have another to its right, called an 
Inline proposition. (More properly, 2 is an ‘inline’ of 1.) This is useful, 
for instance, for putting several short equations all on one line, or for 
putting two graphs side by side.

Now grab proposition 3 and move it up slightly and over to the right so 
it is indented below 1.

(=) D eclarations

□  1......... 0 2
□  3  It

In this configuration, 3 is a ‘daughter’ of 1. Now, move 4 directly under 
3, and 5 directly under 4.

D eclarations

O ' i ......... Q 2
□  3
□  4  
O S  It
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Configured like this, 3, 4, and 5 are all daughters of JL They are also 
referred to as ‘sisters’ of one another. In fact, 1 and 6 through 10 are all 
considered sisters of each other.

Comments

Next, make 9 a daughter of 3 and move 10 immediately 
below it:

(=) D eclarations

□ ' i  Q 2
□  3

□  9
□  1 0 *

Daughters can go on for as many levels as you can fit on your screen, 
and beyond, with the aid of the scroll bars.

Now click on the first proposition icon and its daughters are also 
selected. Choose Collapse from the Notebook menu (or double-click 
the selected icon). All of l ’s daughters collapse under 1. (Note that 2, a 
sister of 1, is still visible.)

Q i . . .  0 2

With the first proposition selected, un-collapse it by choosing Expose 
from the Notebook menu. (Or, you can double-click it.)

Theorist’s ability to collapse certain information is a good way to hide 
information. For instance, expose the first proposition in the notebook, 
“Declarations.” The name declarations for different variables appear. 
(Don’t worry about them now. You will explore them at length in future 
tutorials.) Collapse the declarations.

Press Imh on the numeric keypad, which makes a special proposition 
called a comment. You can type normal text into a comment and 
Theorist does not try to interpret it as an equation. (You can also enter 
expressions in comments, but they can not be manipulated.) Like a 
word processor, you can click, drag, delete, et cetera. Type “The quick 
brown fox jumped over the lazy dogs.” Select the word “quick”. Pop-up
the (^ ) palette button and choose the long button with the font name, 
which is analogous to Comment Font... on the Edit menu. In the 
resulting dialog choose a different font family and click OK. In the 
sentence, select the word “brown”. Choose Comment Font... again 
and enter a larger absolute point size, such as 24, and click O K . Select 
the word “fox” and with the Comment Style submenu, make it
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boldface. Finally, if you are using a color monitor, select the word 
“jumped” and change its color with the Comment Color submenu.

Notebook
Font

The comment text is formatted according to a ruler, usually invisible. 
To show all comment rulers in a notebook, choose the cca icon from the 
(= ) pop-up palette.

-i—i ■ * ■ » ■ I L -i i l
He 8

Jfc_

Like the ruler in a typical word processor, a comment ruler has 
different types of tab stops and justification options. However, only the 
right margin is adjustable. Grab the margin handle on the right of the 
ruler for our quick brown fox comment,

□
o «

...and drag it left a few inches so the ruler is approximately half its 
original size. Notice how the comment text is broken up over multiple 
lines to compensate for the smaller margin.

■ 1 I 1 I 1 . ^  . • i . 1 . 1 . 1
H

t .  _ i_  . t Jk.* A

The • q ui ck-Q T O W  I I  *ox J umpecl over- 
thelazydogp.

When comment rulers are showing, dots appear where spaces are in the 
comment text. These dots are a visual aid and do not appear when the 
notebook is printed.

To hide all comment rulers in a notebook, again choose the cza icon 
from the (^ ) pop-up palette. Ruler settings remain in effect whether 
the rulers are shown or hidden.

From the Notebook menu, choose the Notebook Font ... item. A 
dialog appears, in which you may use set the default font, size, and 
italic style.
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Font —.'M

Equations will display, in notebooks and in graphs, in the 
font as specified below. The sm aller sizes are used for 
subscripts, matrix components, etc.

Main Size:

Smaller:

Smallest:

13 Use Italics

12

10

Font Family:
Symbol
Thomson
Times
Zapf Chancery 
Zapf Dingbats

Cancel
p

OK

These font specifications are considered the “default font” for the whole 
notebook. The Notebook Font affects not only comments, but also 
expressions in assumptions, conclusions, graph propositions, et cetera. 
Change the Notebook Font family and sizes to something of your own 
choice and click OK. All propositions change to the new specifications.

Notice the word “quick” remains in the font family you specified earlier, 
and the bold style is still applied to the word “brown.”

@  The q Ui Ck brown fox jump ed 
over the lazy dogs

When a new Notebook Font is specified, it changes the main comment 
font but leaves untouched those parts which have had explicit font/size/ 
style instructions.
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A  B rief T o u r  o f  T h e o r is t

Simple
Calculations

Calculate and 
Simplify

This chapter describes

• How to use the Calculate and Simplify manipulations
• How Theorist ReManipulates
• The Theorist Names Variable and Function
• Theorist Propositions
• How to manipulate matrices

Here we learn how to do simple calculations with Theorist. We explore 
the Calculate and Simplify manipulations, as well as some of the cen
tral ideas behind Theorist derivations.

Theorist does mathematics mainly in three ways:

O Numerically (calculations)
© Symbolically (equations)
© Graphically (graphs)

Theorist has in it all the functions of a pocket calculator. Therefore it 
can take any equation you give it and crunch all of the numbers to
gether to get an answer that is a number. The problem with this 
method is that sometimes you want a more abstract answer, an equa
tion.

Equations can be manipulated symbolically, doing algebra, calculus, et 
cetera as you would on paper. Theorist can be much more powerful 
doing things symbolically, but the power comes at the price of more 
computer overhead (memory and processing speed). If your task is too 
big or too complicated, you may end up having to do it numerically. 
Some problems can not be solved symbolically.

Theorist can draw graphs of mathematical relationships. It does this 
with high-intensity calculations. More on this subject later.

Type 3+4.

□  3+4

Notice that Theorist does not instantly calculate the answer. Theorist 
is not a pocket calculator; it has a bit more finesse. Theorist is waiting 
for you to tell it what to do. (Maybe you want to type more into the 
equation.)
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This happens so 
quickly you may 
not see the cross
ing out of the re
manipulated ex
pressions.

Now, drag to select what you just typed and click lisy (or choose 
Calculate from the Manipulate menu). Theorist now calculates the 
answer like a pocket calculator.

A  3 + 4 = 7 tfateutote

Select 3+4 again, but this time click 0 ?  (or choose Simplify from the 
Manipulate menu).

^ 3 + 4  =  7

Theorist simplifies the 3 + 4 and turns it into 7. You might be thinking 
that Simplify and Calculate do the same thing. They don’t.

Let’s calculate something different. Select the 3 in the original ex
pression, and click the J a  icon on the palette so the expression looks 
like this:

O Va+*
As soon as you do this, notice how Theorist re-manipulates your 
answers. First, it crosses out the equations. Immediately after, it 
changes both of them to look like this:

Q j 3 + 4  = 5.7321.

Theorist re-does the manipulations when you change the inputs, like a 
spreadsheet with automatic re-calculation.

Select the 4, and click the button again.

□ V ® +#
Notice the automatically remanipulated Calculate answer.

^ ^ + ^ 4  = 3 . 7 3 2 1  dxieuica*

Theorist calculates answers to fifteen digits of precision, but only five 
digits are shown in this case because our precision display option is set 
to five digits. I f  you pull down the Notebook menu’s Display 
Precision submenu, you can choose the precision you need.

Notebooks 35



Variables

Notice the automatically remanipulated Simplify answer.

Q f i + J Z  =  ^ 3 + 2

Simplify simplifies it as best it can. That means simplifying the square 
root of 4 to a 2, but that also means leaving the square root of 3 alone. 
Because the square root of 3 is unchanged, Theorist can not add the two 
numbers together, and leaves the equation unchanged.

Calculate and Simplify are different. Calculate gives numeric answers 
and Simplify gives answers in symbolic form.

Symbolic answers and numeric answers are useful at different times. 
For instance, the symbolic answer tells you that if you subtract 2 and 
square the number, you get exactly 3, to an infinite amount of precision. 
If you need to cut a piece of wood that length, though, you probably 
need to use the numeric form.

Theorist allows variables to represent unknown or unspecified values. 

Press lfreturnl to create a new expression and type x+3*8.

Q  X + 3 3  

Select it and try to Calculate it.

Q x  + 3-8 = x +24

Theorist does not know what value to use for x so it leaves it un
specified. Notice that no truisms have been violated.

You can have definitions of the variables used in calculations. Press 
m  to create a new expression and type x=5*7.

□  x = 5-7

Select the equation and choose Make LDorkillQ Stmt from the 
Notebook menu. This tells Theorist to look here when it needs a 
value for x in a calculation, in the event you have more than one 
equation that could specify the value of *. Once you do this, a dot in the 
square reminds you that this is a working statement.

Q  = 5-7

Now, if you go back and Calculate x + 3 -8, it gives an answer.

Q  X +3 8 = 59 Ctaewtafe
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Functions

Undefined
Names

The 1 b keystroke 
gives you the 
Greek letter beta.

However, if you use Simplify, nothing happens. Working statements 
only work for Calculate.

Numeric and symbolic variables are used extensively in later tutorials.

Variables are only one class of name. Another class is Functions. For 
instance, the name log is a function that takes the logarithm (base 10) 
of a number.

Press lM-rnl to create a new expression and type log(1000).

□  log(lOOO)

When you Calculate it, you get:

log(iOOO) =  3  efe&wtafe

Theorist has a wide variety of built-in functions, including natural log, 
trigonometric, and hyperbolic functions, which are explored further in 
later tutorials. For a complete list of built-in functions, look up 
“Predefined Names” in the Theorist Reference Manual.

To supplement Theorist’s predefined functions, the Special Functions 
directory (in the Mathematics directory) that comes with Theorist 
contains more advanced functions.

If you use a name not recognized by Theorist, it eventually notices and 
checks with you to make sure it is not some other name mistyped. If  it 
is a new name, confirm it at this time.

For example, type II ̂  I 'b. Choose Clarify from the Notebook menu. 
Theorist shows you the following dialog.

Declare Name

P

This name hasn’t been declared yet. Vou need to declare  
it to continue. To do so, simply select one of the options 
below. (See manual for more info.)

Declare it as a typical

User Defined U ariab le^  |

with behauior defined by you.
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Propositions

Theorist asks you to define P You can use the pop-up menu (Uariable 
above) to set its class; this is explored in another tutorial.

Press EEEj and type the name “arccot” and Clarify again. Since arccot is 
a name that Theorist recognizes, you get a different dialog.

arccot

This name hasn’t been declared yet. Vou need to declare it to 
continue. To do so, simply select one of the options below. (See 
manual for more info.)

Declare it as a typical

f User Defined

uiith behauior defined by you.

Declare it as a predefined name that 
behaues as Arc Cotangent.

Cancel I There must be some mistake.

PreDefined

Uariable'*'

Theorist recognizes the name arccot because it is in Theorist’s internal 
library, and assumes you want it predefined to behave as Arc 
Cotangent. However, it asks you to either verify this or define it as 
something else.

If you use a name that you do not intend to have a special, predefined 
behavior, click on [ user Defined ). For example, type a= 'p *rA2 then 
Clarify. Theorist asks you to define r, but not a  and Jt, which are 
already defined in the notebook’s default declarations.

The Name Declarations tutorial explores this area further.

You have probably noticed expressions have a square icon to their left, 
whereas the answers have triangular icons. Square icon expressions 
are called “Assumptions”; they are expressions or equations that you 
type in. Triangular icon equations are called “Conclusions”. They are 
always equations; they are always the result of Theorist doing some 
sort of calculation or manipulation.

Q  assumption 
A  con = elusion

Theorist always generates an answer in the form of an equation, even if 
you start with just an expression. This initial expression is so that ev
eryone remembers the question. This is important. Otherwise, at the
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Automatic
Conclusion
Elimination

end of a session, you would have little fragments of expressions all over 
the screen and it would be easy to forget what goes with what.

Theorist works with “propositions”, which are statements that are as
sumed to be true. When you calculate an expression 3 + 4, Theorist 
makes an equation 3 + 4 = 7. When you give Theorist an expression, it 
converts it into an equation.

In some computer systems, the equals sign defines a name, moves a 
number to a storage place, or does something similar. For instance, you 
might have a statement n = n + 1. When this statement is executed, it 
takes the number in storage place n, adds one to it, and restores it in 
storage place n. In one of these systems, the left side of the equation 
must always be a variable; n + 1 = n would be an error.

In Theorist, an equal sign means the same thing that it does in normal 
mathematics: it is a statement that two expressions on either side of 
the equal sign are the same, as in the statement 3 + 4 = 7. If  you turn 
it around backwards, it means the same thing: 7 = 3 + 4. In Theorist, 
the equation n = n + 1 (which is equivalent to n + 1 = n) eventually 
leads to the contradictory equation 0 = 1. Theorist does not stop you 
from typing something like this; it depends upon you, the more 
intelligent human, to have the good judgment to determine that there is 
a mistake somewhere. (There are more complicated situations where 
only the human can judge what is a contradiction and what is insight; 
an equation such as sinOe) = 2 could be a contradiction or could be a so
lution to a problem.)

Theorist is also non-procedural. This means the equations are not exe
cuted sequentially, they are all interpreted as a state of being, a set of 
facts that are assumed to be true. The order of the equations is almost 
irrelevant.

Theorist makes equations because if you think in terms of equations, it 
is harder to make a mistake. This becomes clearer later, but for now, 
try selecting the 3 + 4 on the left hand side of 3 + 4 = 7 and Calculate 
again.

A 7 -  7 Cfateulate

This is an equation, which is true, based upon the last equation, which 
is also true. All Theorist algebra is done in a similar way, by generating 
equations that are true because they are based upon other equations 
that start out being true. By maintaining this framework, Theorist en
sures the integrity of your derivation.

Select either 7 from the last equation, 7 = 7. Then, Calculate or 
Simplify. Theorist does not produce an answer. If you look closely, you 
will notice that an answer flashes briefly where an answer would go, 
but Theorist deletes it quickly as soon as it realizes that the answer is
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Linear
Algebra

the same as the question. Since there is nothing new to tell you, 
Theorist saves space by deleting it.

Theorist can also do matrices. For instance, make a new assumption 
and type (1,2;3,4)*(5,6;7,8). (Be careful to type commas or semicolons 
where appropriate—they do different things.)

n f 12Y5 6 ''
U 13 4 J M

'1 2Y 56' '19 22''[3 4̂7 8 J [43 50J

Now, drag to select both matrices together—it’s not much different from 
dragging over “(12)(34)” in a word processor—and click (or choose
EHpand from the Manipulate menu). (Simplify is not strong enough 
to do this.)

Expand

Theorist is doing this symbolically, not numerically. Change the 2 in 
the first matrix to an x. Theorist automatically changes the Expand 
conclusion.

Expand

Theorist considers a scalar (a non-matrix) to be the same thing as a di
agonal matrix. Press lb1-™! and type (l,2,3;4,5,6;7,8,9)+x.

'1 23) Q  456 .789

'1 x Y 56' ' 7x +5 8x + 6'[43 50 J

+ x
Drag from the beginning of the expression over to the end (or double
click on the plus sign) to select it, then Expand it.

A
'1  23' '  X + 1 2 3 1456 + x = 4 x +5 6l 7 8 9j I 7 8 x + 9.

Expand

It’s as if the x turned into x times the identity matrix. You do not have 
to make up an identity matrix; Theorist simply does the right thing for 
situations such as this.
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M a n ip u l a t in g  Eq u a t io n s

Do not be 
alarmed if and 
when Theorist 
changes parenthe
ses to brackets 
and braces. This 
has no effect on 
how the equation 
is manipulated; it 
only affects the 
screen display.

Commute

This chapter describes how to perform five basic manipulations:

• Commute
• Isolate
• Move Over
• Expand
• Collect

In this tutorial you learn the nuts and bolts of equation manipulation in 
Theorist.

In a new notebook, type: y=((3/7)*x-(9/4)+sqrt(2))A5 and choose 
Clarify from the Notebook menu to remove the unnecessary paren
theses.

V  ^ /

Theorist lets you do a great deal of the mundane manipulation by 
simply clicking and dragging. For example: in the above proposition,

q
select the y  x so it looks like this:

o - H - ’ w jf
Press and hold the 0 0  key (Macintosh) or key (Windows). Notice 
how as you move the cursor over the selection, the cursor changes to a 
hand. With the UD or HHO key still held down, click down and drag the 
selection around the screen. (Once the arrow pointer turns into the 
hand, you can let go of the key.) If you drag its outline along the 
equation, certain elements of the equation highlight, indicating that 
you can release the mouse button and drop your selection in there, but 
don’t do it yet.

Drag your selection right, over the addition sign. When it highlights,

-S5
O  =
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Note how Theorist 
removes the un
necessary brackets 
after the manip
ulation.

Note: select a 
negated express
ion by clicking on 
its minus sign

Exercise

Isolate

.. .release the mouse button. Theorist moves the w x in between the -  ^ 
and the »f2 so you get:

Commute

You can commute anything in a sum in this way. Try it with any of the 
three expressions added together.

O
You can also commute factors in a product. Try doing it on the y  x 
expression. Hold 0 0  or O  and drag the x to the left, like so:

Rearranged, it becomes:

Also try selecting the whole sum of three expressions and choose 
Manipulate^Other>Commute. This turns them all backward.

Return the equation to its original form.

The equation you have defines a relationship between two variables. 
There are many equivalent ways to see that relationship. One way is 
with x as a function of y. Select x and with 01] or HO pressed, drag it 
all the way past y over the proposition icon. When the icon highlights, a 
line goes across the equation from the icon to the x, indicating you can 
drop the x to isolate it.

U s - | ^  A i r f f M + ^ f
THIS (Isolate) NOT THIS (Move Over)

Go ahead and Isolate, which results in:

Isolate
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You're in for a 
hard time if you 
try to isolate y 
from logr  In this 
case, first isolate 
log from the arg
ument.

Move Over

Now use the same process to isolate the y and get back to what you had 
before you started experimenting with isolating.

A ? Isolate

Next, try dragging the x all the way to the right instead of left,

.which is another way of isolating x.

Isolate

Now try isolating some of the numbers. You can get some weird 
logarithms this way, such as:

A 9=4
i

5

i

Isolate

Isolate

Next, isolate y to get your equation back to its original form once again.

IsolateA >  = [I*+V3- 1J

There is one last manipulation in this series that is somewhat different.

Using the isolate manipulation, try to get 0 = |yX + Vr2 — ^ j 5 - y .
You can’t! The only way is by taking our original equation (way at the 
top of the notebook):
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.and moving the y to the other side of the equal sign,

Notice the new 
outlining level.

Expand

Collect

□ I N

.. .so you get:

MooeOver

The palette and menu equivalents for the Isolate and Move Over 
manipulations are similar—but not identical—to the drag 
manipulations. See the Theorist Reference Manual for details.

Press llreh™l to make a new assumption and type (x+y/z)A5 and select the 
expression.

Click (or choose E tip and from the Manipulate menu), which 
multiplies out the terms and yields a longer expression.

A yx +  —
2. .3

= 2_  + 5^ _ Z + 5 ^  + i0 ^ 4 L  + l o 2 - ? -  + a;5
z5 z3 z2

In the above equation, select the first three terms to the right of the 
equal sign:

z!+5i 2 +5̂

Click (or choose Collect from the Manipulate menu), which 
collects factors common to all terms so they are multiplied onto the side:

A ' - i f - I
y4 + 5 x4z4 + Bxy z)y

z5
+ 10—4 — +10- y

2? £ + X Collect

There are many other manipulations at your disposal, as you can see by 
looking at the M a n ip u late  menu and its submenus. These are ex-
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plored in later tutorials and explained in the Theorist Reference 
Manual.

You undoubtedly noticed after each manipulation Theorist appended 
the completed manipulation name to each conclusion. This is to show 
you the manipulation steps you took in your notebook’s derivation(s). 
To hide these step names, pull down the Notebook menu and from its 
Preferences submenu choose Show Steps . Many of the screen shots 
in the Theorist Learning Guide and Reference Manual do not show 
these steps (due to space considerations), but they may be a useful 
learning tool for you while you do tutorial derivations.
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Ed it in g  Ex p r e ssio n s  a n d  
C o m m en ts

Theorist utilizes two different equation editors. In assumptions and 
expressions you are entering normal expressions which you can manip
ulate or Theorist can use. In comments however, you are using the free 
form equation editor to enter expressions which are useful only for doc
umenting your notebook; Theorist can not work with free form equa
tions. Free form expressions are more decorative than functional be
cause they can not be manipulated or otherwise used by Theorist.

The Theorist equation editor puts restrictions on what can be entered 
because it must understand the expressions used for the mathematics 
to be performed. The equation editor will not let you construct non
sense, such as “x +” (addition without a second term). Many keystrokes 
have special meanings to the equation editor; for example, $ makes an 
integral enclosure instead of a dollar sign.

The free form editor for comments is a mixture of equation editor and 
word processor. You can type any combination of characters anywhere 
and it inserts them, just like a word processor. If you type $, you will 
get a dollar sign inserted into your text.

If you want to build real equations in a comment, use the palette or its 
equivalent command keystrokes (listed in Appendix A of the Reference 
Manual). However, just because they look real does not mean Theorist 
can work with them.

The free form editor allows you to change the font, size and color of text 
on a character by character basis, and it allows you to insert pictures.

The Theorist equation editor does not use much in the way of special 
formatting when displaying expressions. These expressions are always 
black and their limited font specifications are dictated by the Notebook 
Font. If you enter a new name, Theorist will later ask you what prop
erties the name has.

To see an example of an expression with the equation editor, press ll”turnl 
and type $a ll*”9! xA2.

Since you typed into an assumption, the equation editor turned the dol
lar sign into an integral, multiplied for the space, and added an expo
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nent for the A caret. Now press on the numeric keypad and type 
the same thing, $a 11*°" 1 xA2 .

@  $a XA2

Since you typed into a comment, the free form editor just accepted what 
you typed literally. You can change the font, size, and color of these 
characters and it does not mean a thing to Theorist.
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Simple Mathematics
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A d d it io n  a n d  S u b t r a c t io n

Theorist easily performs everyday mathematical calculations. Using 
Theorist for these problems offers advantages over simple pocket 
calculators. Intermediate results may be calculated and shown, and all 
of your work is automatically saved in your electronic notebook. 
Theorist does not have to convert fractions into decimals. You may 
easily calculate any mix of whole numbers, decimals and fractions. 
Even if your interests lie in higher mathematics, you may find the basic 
mathematics tutorials useful to acquaint you with Theorist.

Using Theorist to add and subtract is easy. Simply type in your expres
sion, select it, and use Theorist’s Calculate manipulation. For example, 
type 104+22+3-5. If you prefer, you can select plus and minus from 
the palette instead of typing them. From the fix) palette, choosing the 
a+b button from the a+b pop-up palette gives you a plus sign and 
choosing a-b (from the same pop-up) gives you a minus sign.

Now select what you just entered by dragging (or double clicking on a 
plus or minus sign). Click the (jjij palette button (or choose Calculate 
from the Manipulate menu).

You can have Theorist give you an immediate result by using Calculate 
as we just did in the previous example. Or you may want to compute 
intermediate results, as in the following example.

You may easily include fractions and decimals in numerical expres
sions. Type If^l 2+1/2 0  +1/4 0  +0.25. This produces the following 
expression:

Now let’s determine the sum of the two fractions with the Simplify 
command. Drag to select the fractions as shown:

Q  104 + 22 + 3 -5  
Q  104 + 22 + 3 -5  = 124 Calculate

0.25
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Click the ijgs? palette button (or choose Simplify from the Manipulate 
menu). This combines the two fractions into a single fraction with a 
common denominator.

A 2  + i + i  + 0.25 = 2+?+0.25 ssmyi#.
<—> 2  4 4

Calculate the 3/4 term.

A  2 + 1+1+0.25 = 2 + 0.75 + 0.25<_> 2 4

Finally, select the right side of the equation and Calculate to get a sin
gle numeric result:

A  2+1 + 1+0.25 = 3<_> 2 4

In the example above, Calculate was used to change a fraction into a 
decimal. Theorist also provides an UnCalculate command that 
converts decimal numbers to their simplified fractional equivalents, if 
possible. Let’s find out how many fourths equal 5.75. Type ll"*™! 5.75,laaal
select it, and choose (££y from the V® pop-up sub-palette (or choose 
UnCalculate from the ManipulatetOther submenu):

□  5.75
^ 5 . 7 5  =  — UnCfalculate
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M u l t ip l ic a t io n  a n d  D iv is io n

Theorist lets you enter expressions involving multiplication and division 
from the keyboard or from the palette. From the keyboard, use the 
asterisk * or ll*p°«l for multiplication and the slash / for division. From 
the fix) functions palette’s a+b pop-up sub-palette of operators, choose
a-b and for multiplication and division, respectively.

Multiplication is represented in different ways at different times, de
pending on context. This is true in mathematics textbooks as well as in 
Theorist. For example, type lb1"™! 5*5 and Theorist displays:

□  5-5

Whereas typing IbM 5*(3+4) displays:

□  5(3+4)

Multiplication and division problems are simplified and calculated in 
the same way as addition and subtraction problems. Select the portion 
of the expression you wish to calculate or simplify, then choose the 
desired command from the Manipulate menu or functions palette.

When dividing, Theorist automatically represents the divisor and 
dividend as a fraction. To enter the expression,

...press r a  and type 12/3/5. Theorist represents the expression as:

□ t
5

This of course is equivalent to the original expression, 12 divided by %. 
If you only want the answer to the problem, you may quickly get it by 
selecting the expression and using Calculate. If you prefer to work the 
problem out manually, however, Theorist allows you that option as 
well.

To work the problem out manually, as you would using paper and 
pencil, first multiply the numerator and denominator by 5. Select the
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whole fraction then click KjX (or choose Rpply from the Manipulate 
menu).

It is not necessary 
to use a multipli
cation operator 
because Theorist 
assumes that is 
what you want.

A  1 2  _ & 1 2  
3 ”
5 m

At this point, the Apply manipulation is still in effect. Type the number 
5, which appears in both places because of the multiple selection.

A  12 5-12
3 ”  t 3
8 5s

Now select the new numerator (12 times 5), which ends the Apply 
manipulation. (Hence the beep. The step name appears after the
conclusion.) Click the £ 0  palette button (or choose Simplify from the 
Manipulate menu). Select and Simplify the denominator, and the 
entire fraction, which gives you a final answer of 20.

A  = 5 4 2  ^
°  3 t3

5 5
A  12 _ 60 

> 3 t 3
5 5

A  12 _  SH m plify 
< - > 3  3

5
1 9

Q  — = 2 0

5

This is a lot of work which is better accomplished in one fell swoop with 
Theorist, but it shows you the individual control Theorist gives you.
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Fr a c t io n s

Never use com
mas to enter 
numbers in 
Theorist.

Prime Factors

Using Paren
theses and 
Escape

Adding fractions by finding a common denominator may be performed 
automatically by selecting the fractions and using the Collect or 
Simplify Manipulations:

A 1 1 1861
6000 8888 “  6666000

Alternately we may work this problem out manually by using Theorist 
to find the prime factors of 6000 and 8888. Double-click 6000 to select 
it and hold IP̂ H as you double-click 8888 so you have a multiple
selection. Click (or choose Factor from the Manipulate menu).

A 1 1  ̂ _|____ _ Factor Fader
<->6000 8888 2 ? - l  1 -1 0 1

When you enter a division problem, you will sometimes have to use the 
Escape key or parentheses to convey your intentions to Theorist. 
Consider the difference between these two expressions:

i  +  4 ^  _ 1_

To enter the first, type 1/3 EJ +4. Pressing the Escape key makes it 
clear to Theorist that you are finished entering the denominator. To 
enter a denominator of “3+4”, leave out the Escape key. If you are ever 
unsure as to what to do, use parentheses, as in l/(3+4), which produces 
the following.

° ( 3 T 4 )
You can always remove unnecessary parentheses later with the Clarify 
command.
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N am e D e c la r a t io n s

For now, ignore 
the collapsed 
comment bundles.

In Theorist, all constants, variables, and functions are assigned 
particular names made of upper- and lower-case characters. This 
tutorial provides a brief description of:

• Name declarations
• Name behaviors
• Changing a name
• Getting information about a name
• Name classes

Earlier in the manual, we mentioned there is something special about 
the top comment, Declarations. Double-click on the comment icon to 
expose what is beneath it:

(=§) Trigonometry 
(=§) Hyperbolic 
(=) L o garithm s & Powers 
(S) Standard Rules
<&A Constant ^ named Sbehaves as i: Square root of-1 ▼ 1
<9\a D-Linear Operator ^  named d  behaves as

d: differential operator ^  |.
<& A Variable ^| named it behaves as defined by user ^  |.

<& A Constant ^ named K behaves as defined by user ^  |.

<&A Constant ^ named Cbehaves as defined by user ■

<&A Constant ^ named & behaves as defined by user ^ i

<&A Constant ^ named <X behaves as defined by user ^ i

<& A Variable ^ named 2Tbehaves as defined by user ^  |

<& A Variable ^ named y  behaves as defined by user ^ ■

< ^ A Variable ▼ named X behaves as defined by user ^ ■

Each item with a flag icon is a name declaration. When you create a 
new notebook (based on the new notebook file), it has these dec
larations.
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Each part of a declaration specifies some facet of operation for that 
name. The two pop-up menus are used to specify the class and the be
havior of the name indicated in the middle of the declaration.

Behavior The behavior can be “defined by user” or it can be one of dozens of spe
cial behaviors. For example, type the name “Fred” in a new assump
tion. Choose Clarify from the Notebook menu, and when the dialog 
comes up, specify user-defined. Afterwards, your name declaration for 
Fred appears under the Declarations comment. (This is where new 
name declarations go.)

A | V a ria b les  named F red  behaves as defined by user^~|.

Using the behavior pop-up menu, which currently says defined by 
User, change Fred’s behavior to i: Square root Of -1 , which is under 
the Constants submenu.

A | Constant named Fred  behaves as

Now close the Declarations (double-click the comment icon again) and 
work on the “Fred” expression. Click to place the cursor after the “d” 
and type A2:

Q  Fred2

i: Square root o f-1 r̂|.

Select the expression and click either the |iiij or palette buttons to 
Calculate or Simplify it.

^  Fred2 = - 1

This is not just an alias, as with some computer languages. As far as 
Theorist is concerned, “Fred” is the name of the imaginary number.

Type llrefuml sqrt(-l), select the resulting expression, and evaluate it as 
you did the other one:

£ - / ^ T = F r e d

Now, if you want, you can have the name i refer to something com
pletely different. You can use it to represent the current in a wire, for 
instance.
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Select any occurrence of Fred in any assumption or conclusion and 
choose Get Info from the Notebook menu.

Click on More Info in the dialog.

More Info

Declaration ■ A | Constant -w \named F red  behaves as i: Square root of-1 ^ ] ,

This is a PreDefined name, nil of its definitions are 
preprogrammed into Theorist, in accordance with current 
mathematical conuentions for this name.

OK

Theorist tells us it is a predefined name, and that’s that. Click OK.

If Fred were user defined rather than predefined, you would have some 
more options. Let’s take care of that. Expose the Declarations bundle 
and change Fred’s behavior to defined by user then Collapse the 
bundle. Select any Fred in any assumption or conclusion and choose 
Get Info, as before. Click More Info in the dialog.
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More Info j

Declaration: A | Variable y? | named F red  behaves as "defined by user ^  |.

Definition:

Range: no minimum

Increment: none defined

Mauimum order: none

no mammum

(click on a proposition to 
go there)

OK

Click on the declaration part of the dialog, and Theorist leaves the 
dialog and goes to the Declarations part of the notebook and selects the 
declaration for Fred.

Variab le ▼ I named F r  e d b ehaves as defined by user▼

Change the name Fred to Sally. Watch Fred change to Sally ev
erywhere.

O S a lly 2

£  S a lly 2 =  -  1

O f *
S a lly

Legitimate names may consist of any upper and/or lower case letters 
and any Greek letters and other symbols from the Greek sub-palette. 
They may not contain digits, underscores, or other special characters. 
See the Theorist Reference Manual for more details.

Name recognition is case-sensitive. Names can be multiple characters; 
single-letter names are displayed in italics when the Notebook Font 
italics option is on.

Create a new assumption and type a=Sin(x)+SIN(y)+sIn*(z), paying 
particular attention to upper and lower case.

Clarify the notebook. Note that Theorist asks you to declare Sin, SIN, 
and sin, because it recognizes none. (Make them whatever you want.) 
Theorist does not confuse them with the predefined sine function, “sin” 
(all lower case).
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Class

The name d is 
predefined.

Each name belongs to one of five classes:

• Constant
• Variable
• M-Linear Operator (matrices)
• D-Linear Operator (derivatives and partial derivatives)
• Function

A name’s class determines some of its properties.

Create a new assumption and type d*(A*B) so you have the following.

□  <AB)
Clarify and declare A as a constant and B  as a variable. Simplifying 
the expression gives you:

d(AB) = AdB

Using the method described previously (Get Info/More Info), change A 
to a variable. Simplify the original expression again.

d{AB) = BdA +AdB

Make a new assumption and type (A+B)A2 so you get:

Q ( A +B f

Expand it to get:

Q t A + s f  = A2+B2+

Change the name declarations for both A and B  to M-Linear operators, 
which causes them to behave like matrices. Expand (A + B)2 again.

^ (A  + B f = A2 +BA +B2 +AB

Because M-Linear operators do not commute, they do not combine.

Change JB’s class to function. Notice how your expressions change. 
Functions tend to apply themselves to whatever they find nearby.

Make a new assumption and type d(d[x*y]) so you get:

□  44*?])
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The d  operator takes derivatives. Its class is D-Linear operator. 
Simplify the expression and notice the resulting expression has 
parentheses for grouping:

= yd dx  + %dx)dy +xddy

D-Linear operators are not necessarily associative. For instance, the 
expression (dx)dy is not the same as dxdy. In the latter case, the first d  
applies to everything to its right; in the former case, the first d  is 
applied only to x
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T w o - D im e n sio n a l  G ra ph s

This tutorial describes the basic tools you can use to interact with two- 
dimensional graphs, including:

• The hand cursor, for manipulating the graph directly
• The Rocket, for zooming out and in on a graph
• The Knife, for selecting a portion of a graph
• Two buttons for increasing and decreasing plot resolution
• The size box, for resizing the graph window

In a new notebook, type y=sin(x)/x.

With the cursor still in the equation, click the ty'-" palette button (or 
pull down the Graph menu and from its y = f(K) submenu, choose 
Linear).

Hand Cursor

A
Rocketship

Button

This only shows a small part of a very interesting graph. When you 
move the cursor over the graph surface, it turns into a hand. You can 
scroll the graph with the hand by dragging it. As you do, the axis labels 
change to indicate what part of the graph is visible.

By default, Theorist scrolls the graph smoothly as you drag it around. 
How smooth it is depends on how fast your computer is. If  you are 
using a slower machine it may be “jumpy.” If this is the case, choose 
Graph ►Preferences... and change the Smooth Scrolling resolution to 
a lower number.

If you get frustrated crawling along a graph and want to get a more 
global view of it, simply click on the Rocketship icon in the upper-right 
section of the graph window. It zooms your graph out by about a factor 
of two in each dimension.
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Knife Button

Tip: You can 
zoom in on a 
graph by holding 
the jjoptioiJ key 
(Macintosh) or @ 
and HjjD keys 
(Windows) as you 
click the 
Rocketship.

To zoom in on a specific section of the graph and see more detail, click 
on the knife icon. Your cursor turns into a knife, ready to slice out and 
enlarge a piece of the graph. Click on the graph surface itself and drag 
over a rectangle that you want to see closer. It is usually best to drag 
your rectangle so that it tightly encloses the part you want to see:

zooming in on a portion o f  the graph
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More Accuracy 
Button

Notice the draw
ing speed as you 
type and zoom 
out.

The More Accuracy button increases the number of data points for a 
higher resolution plot, which makes certain types of plots smoother. 
(This is not one of them.) As you click the button, notice that two num
bers appear next to it. The left number is the current resolution, and 
the right number will be the new resolution when the graph is redrawn. 
Right now, increase the resolution a few clicks.

Theorist graphs are interactive and always reflect current conditions. 
When you change the equation, the graph changes in response. For in
stance, select the x  from sin(nc) in your equation and type *5. Use sev
ered clicks of the Rocketship to zoom out.

Dragging 
Size Box

Less Accuracy 
Button

Exercise

The size box in the bottom-right corner of the graph window can be 
used to resize the graph. Drag it outward to see a bigger graph or 
inward (toward the proposition icon) to see a smaller graph. Notice the 
graph dimensions displayed in points, inches, and millimeters. When 
you release the mouse button the graph is redrawn.

Have you noticed the slower graph drawing speed since you increased 
the resolution with the More Accuracy button? That is a side effect of 
higher resolution. Fortunately there is the Less Accuracy button, which 
has the opposite effect of the More Accuracy button. It decreases the 
number of data points for a lower resolution plot. Its own side effect is 
it makes certain types of graphs more chunky or jagged. This is not a 
problem with this particular graph. Give the Less Accuracy button a 
few clicks now to get back to the original resolution.

Make a 2-D plot of y = sin x  and note the numbers on the axis labels. 
Zoom out a couple times, then try to zoom back in by using the knife to 
cut out a portion in the original dimensions. See how close you can get 
with practice. Remember that, if necessary, you may actually drag the 
knife outside the graph area.
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S u per  K n ife  M o d e

Super Knife tool

When examining a graph it is often necessary to Zoom in on a particu
lar region of the graph. This can become tedious and time consuming 
when the standard Knife tool must be used more than a few times. 
Super Knife mode relieves you of this tedium. To activate Super Knife 
mode, double click on the Knife button of a graph.

Super Knife mode has two advantages over the original Knife mode:

• It stays on by itself. After one slice, you do not have to click on 
the icon to slice again; it stays on until you click the button again 
to turn it off.

• As far as Undo is concerned, all of the slices combined are consid
ered one operation. So Undo undoes all of your slices and returns 
the graph to its original (pre-Super Knife) view.

To demonstrate Super Knife, make a 2-D linear graph of some sort.

Double click on the Knife button. The cursor turns to a knife, but with 
a black handle rather than the white handle of the normal knife cursor. 
Choose a section of the curves at random and slice out a small 
rectangular piece along the curve.

(It usually helps to click the knife down right on or near the graph line 
and drag in any direction that will encompass part of the line. If on a
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If you do any oth - 
er editing com
mand, it, not the 
slicing, is undone.

diagonal, click down along the line, drag along its length a short way, 
and release. That way when the graph is blown up the curve comes in 
and out through the corners and you get a good view of the plot in the 
middle.)

With Super Knife mode, you can slice again and again in rapid succes
sion because the knife stays active. (The mouse pointer remains the 
black knife instead of returning to the arrow pointer, as it would if the 
regular knife were used.) If you take small slices, you can get down a 
factor of ten for each slice. If you take larger slices, you may only get 
down a factor of two or three. Keep on slicing until you see the two 
lines splitting apart from each other. This shows you how accurate the 
table is in that particular region of its domain.

Now, before doing anything else, Undo, which returns the graph view to 
its previous state.
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T w o - D im e n s io n a l  G ra ph  D eta ils

Graph Details 
Button

Each graph is defined by a set of statements that describe the contents 
of the graph. When you edit a graph using the Rocket, Knife, or Hand, 
you change certain values in these statements. You can also edit these 
statements directly. This tutorial provides a brief tour of the graph 
details for a two-dimensional graph, including:

• Graph bounds
• Axes propositions
• Grid Line propositions
• Plot propositions

A Theorist graph is a space for drawing graphic objects. A plot is a 
graphic object drawn inside a graph. In this example, we explore a 
graph and its plots.

Type y=sin(x) into a new notebook.

Create a graph by clicking the f\jKs- palette button (or choosing Graphs 
y = f(H )tU near), then click on the graph details button to see details 
about the graph.

(m}y = sin(af)

— 3 . . .  3 =  left...right

— 1 . . .  1= bottom... top

Stretch to F itw  | 
cropping Moderately ▼ |

(|P=) Declarations

ty-Line at (a :,y ) where x  = l e f t ... rig h tw ith a  

Black ▼ |.

normal ▼ | line, colored
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Locate the first two lines in the graph details:

- 3 . . .  3 =  left,..right 

- 1 . . .  1= bottom...top

These define the graph bounds, or the range of x and y values visible 
within the viewport. Look at the rr-axis on the graph and note that it 
ranges from —3 to 3. (Although it is only labeled at —2, 0, and +2, you 
can see where -3  and +3 are).

Change the -3  (which corresponds to left) to -9 . You need not disturb 
the minus sign. The graph redraws itself, this time showing more real 
estate on the left side, all the way to -9.

- 9 . . .  3 =  left...right 

- 1 . . .  1 = bottom...top

- 1 . . .  1= bottom... top

Similarly, you can change the other three and manipulate them as de
sired. Note that when you use the knife or Rocketship you are actually 
causing Theorist to intelligently modify these values and, subsequently, 
the graph.

Note the elements in the image of the graph. (See below.) There are 
vertical and horizontal axes, a sine wave, and crosshatched grid lines.
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Each is independent and can be manipulated individually, allowing you 
to control the appearance of the graph.

Below the graph, in the details, you can see the line plot proposition. If 
you expose the declarations within the graph details (by double-clicking 
the comment icon) you can see other plots that allow you to control the 
graph. Each icon starts a new plot. There are two axis plots, one line 
plot, and two grid plots (one for vertical lines and one for horizontal). 
Manipulating the plots allows you to control what is drawn.

Q Declarations
5:5 Grid lines at (x , y ) where y = b o t t o m ... top for each value x  = le ft... righ t 

separated by 0 colored | Lilac'y ~|.
555 Grid lines at (x, y )  where x = left... right for each value y = bottom,.. top 

separatedbyO colored Lilacs~|. 

ft Axis at (left, y)where y = bottom ... top labeled y on 

Lilacs |.
other side' colored

ft Axis at (x, bottom ) where x = left... righ t labeled x on this side ^  | colored

L ila c s  |.

& A Constant w named left behaves as Horizontal Minimum^r’ I

& A Constant ▼ named righ t behaves as Horizontal Maximum^

& A Constant ▼ named b ottom  behaves as Vertical Minimum ▼

& A Constant yr named top behaves as Vertical Maximum .

Ha Line at (x, y )  where x = left... righ t with a normal ̂ ~| line, colored ^Blach^rJ,

Axes

Axis Icon

You can move the bottom horizontal axis to the top. Find the axis plot 
that starts out “x, bottom”. Change the word “bottom” to “top”. Use the 
same technique to change the vertical axis from the left side to the 
right. You can also move the vertical axis to zero (or another value if 
you want) by typing 0 in place of “left” or “right”:

jj Axis a t (0 ,^ )  

]j Axis a t (# , top)
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Grids

Grid Icon

Line Plots

You can remove an axis by clicking on its proposition icon to select it, 
then pressing Delete. Do this now to both axis propositions and the 
graph redraws with no axes.

One grid proposition defines the vertical lines and the other defines the 
horizontal lines. You can remove a set of grid lines by clicking on its 
icon to select it, then pressing Delete. Do this now to both grid proposi
tions and the graph redraws with no grids.

You can delete the line plot itself. Do this now and notice the graph has 
nothing drawn in it. Since there is nothing left in this graph, delete it 
by clicking on its icon and pressing EE3. Select some part of your 
equation and choose Graph>1} = f(H)^ Linear to make another graph 
with everything in it.
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Line Plot Icon

Line Style and 
Color

Vector

Now we will learn in detail how a plot works. Open up the graph 
details and examine the line plot:

ty-Line at (ar,y)where x  = le f t ... right with a normals line, colored
B lacks

The parts which say normal and Black are the line style and line color 
pop-up menus, respectively. You can change the line style to any one of 
four options. You can change the line color to one of many, depending 
on your computer. These are useful if you have more than one line plot 
in a graph. Change it to dashed, dotted, then heavy and look at the 
results after each change. Leave it at heavy.

The first part, (x,y), is the location vector. This is an expression that 
must, as the name implies, be a 2-vector. If this were a 3-D graph, it 
would have to be a 3-vector. 2-vector simply means it is two expres
sions with a comma in between.

For education’s sake, you can change this vector to something very sim
ple. Change the vector to (1,1) by selecting the whole vector and typing 
in the coordinates.

Notice that your graph turns into a single dot at (1,1). As you can see, 
the vector is a very important part of the line plot.

\ J

0 5  -

ft „

■

4
V

m

1

u

y
-0 . 5  - ___________1 i

I

l a

j--------------------------  —  .j

2 v  CA » i
! f
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Next, change the second 1 to x. The graph turns into a vertical line.

You are not lim
ited to x  and y ; 
you can use any 
variables.

Bounds

Remember we are 
still referring to 
the line plot.

\ J

HR-
0v w

fi -

Tmjmil
RFH

y
V

Jl K _

± 0

■viO

"> f1 i

The first coordinate of this line is always 1, while the second coordinate 
ranges from -3  to +3, as the second part of the line plot implies. It’s 
just that the names are confusing.

Theorist is designed to draw a wide variety of plots, some of which are 
plots of y as a function of x. Some are plots of a variable named P  as a 
function of T. Some are even plots of x as a function of y. As such, the 
vertical coordinate is not necessarily y, and horizontal coordinate is not 
always x. You can use any variables for these purposes.

In Theorist, the rule is that the first coordinate is the horizontal one 
and the second the vertical. You can see this both in the order of the 
vector and in the order of the bounds at the top of the graph.

As you can see, the second part of the line plot, “x = left...right” is 
starting to become significant.

The words left and right are simply names that are only allowed inside 
of a graph. They represent the graph bounds at the top of the graph. 
At present, the right represents 3 and the left —3. Change this to read 
“x = 0...1”. (Type periods for the “...” part. If you have trouble, type 0.0 
for 0 to make things perfectly clear to Theorist.)
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Your graph now looks like this:

u

f 1 c A
TTjflTTTTj
a

u a  ~

ft .u
yV

ft K -AJ »D

a- x  {i J

Change it to “x -  -2  ... 1”, and zoom out with the rocket a couple times 
to see the endpoints:

0  - 4
V

nmf t  - /u 

0  - /
- 1 0 ^ 4 5 ( 5> 1 0

Q
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If the range is -n  
to n, the two ends 
meet.

To find a point to plot, Theorist calculates the vector. To get successive 
points to make a line, Theorist defines x to have values ranging, in this 
case, from -2  to 1.

In other words, the line plot is a miniature parametric plot. Change it 
to the following:

ty^Line a t(co sftt],sin [tt])w h ere  x  =  - 3 . . .  3

Theorist plots an incomplete circle.

Now change the plot to read:

ty ^ L in e  a t  ( t t  ,s in [ 3 f ] )

You can see this is sort of an unraveling of the plot that looks like your 
original graph.

u

0

EH
&

u -

y
0

s s

4 0 X  J 5 £i £ 1u Q
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In fact, since your equation defines y to be sin x, you can change the plot 
to:

tyv^Lme at (# ,^ )

...and the graph is the same. That is what Theorist creates when you 
make a new graph.
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P l o t t in g  M u ltip le  L in es  o n  a

2 -D  G  RAPH

When you get a 
declarations dia
log, make the y's 
user-defined vari
ables.

Enter the following equations into a new notebook:

Q y  = sin(x) 
= sin (2ar) 

=  s in (3 3 f) 

□  / "  = * in(4ar)
You want to look at all four of these at once, as a function of x  One way 
to do this is to make four graphs. Click anywhere in the first equation 
and click the palette button (or choose Graph^y = f(w)► Linear) to 
create a graph, then repeat for each of the remaining three equations.

Since graphs are just propositions, you can drag them around the 
screen and reposition them (as described previously in the Notebooks 
section). Rearrange the four graphs so they are stacked on top of each 
other like boxes.

This is one way of looking at all these functions, but it takes up lots of 
screen space, and you keep trying to visualize one graph overlayed on 
another. Making separate graphs as you now have is probably better 
for unrelated relationships, but in this case you want them all on the 
same graph.

Delete all four graph propositions. Click within the first equation and 
click (or choose Graph^y = f (h) ►Linear) to make a graph of it.

Click within the second equation and choose Add Line Plot from the 
Graph menu’s Additional submenu. (Accept the defaults in the axis 
variables dialog.) A new line is drawn showing the second function. 
Similarly, click within the third equation, add another line plot for it, 
and do it again for the fourth function. (Unfortunately, you can not use 
a multiple selection here, but you may be able to use the menu item’s 
keyboard shortcut listed in Appendix A of the Reference Manual.)
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normal
heauy
dotted
dashed

Theorist changes the color of each added line to distinguish between the 
plotted functions. (On black and white computers it changes the style 
of the lines.) Open the graph details and, with the pop-up menus, 
adjust the linestyles and/or colors for the four line plots.

Lipestyles 
pop-up menu
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Sc a tter  P lo ts

A scatter plot is a set of dots or markers that show individual data 
points. It is best for situations where you have to display several in
dividual data values instead of a continuous curve or surface.

In a new notebook, enter sin(x) in the assumption.
■■■Ill

Select sinGr), then click ||]|!| (or choose M anipulate ►Table ► 
Generate...), which brings up the table creation dialog.

■■■mi■■■mi
iiilH ; Tabulate the

as a
function 
of the 
variable:

(8) Real 
O  CompleH

value of:

k &
a
z
y
X

O

sin(a:)
as it assumes the values

6.3

ivith 64 points total,

separated by O.t

Cancel I t OK

Accept the default settings. After the table is created, enter the name T 
for the table. Clarify the notebook and define T as a function.

&
This name hasn’t been declared yet. You need to declare 
It to continue. To do so, simply select one of the options 
beloiv. (See manual for more info.)

User Defined

Cancel

Declare Constant 
Variable
M-Linear Operator 
D-Linear Operator

There must be some mistake.”

with bel
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Select the table proposition by clicking its icon.

Plot Marker 
Styles

The color of the 
points can be 
changed in a simi
lar manner.

There are 72 
points per inch.

Tabulate T  with

Click the palette button (or from the Graph menu’s Scatter sub
menu, choose Linear). A dialog asks you to select the axis variables for 
this situation; use x and y and ignore the n parameter.
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m
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Open the graph details and examine the scatter plot proposition.

^ S c a tte r  plot of(0 + 0. :hr,T[0 + 0. it])where x  = 0 ... 6 3 using 5 point 
triangles cobred | Blue

Change the style of the points in the scatter plot by choosing a different 
shape from the marker style pop-up menu in the scatter plot proposi
tion.

,T[0+0.1x])
i | Bluetriangles

squares
diamonds

spots
solid squares

Select the “5” on the second line of the scatter plot proposition and type 
a number to replace it, which alters the size of the marker’s diameter 
(in points). If you enter 0, the markers disappear. If  you enter 1, the 
markers change to single dots, regardless of the marker style. If  you 
enter any other expression, its numerical value is interpreted as the 
size. The expression can be a simple number or it can be an expression 
that depends upon the variable so that it changes size from one marker 
to the next.

Graphing 81



Scatter Plot 
from a 
Matrix

Use matrices to make a scatter plot any time the points do not come at 
regularly spaced intervals along the independent axis.

Create a new notebook and enter the following matrix.

(  0 1 ‘

1 2.3 
1.3 2.5

□  A = 1.5 2.9 
1.7 3.5
2 1.3
3 1.5

Clarify the notebook and declare A as an M-Linear Operator. Click 
anywhere in the matrix equation and click jjjjS. (or choose Graphs 
ScatterHinear). In the variables dialog, use k  for both axis vari
ables. In the declaration dialog, accept the predefined function 
declaration for RowsOf. The resulting graph follows.

You can make other kinds of graphs by modifying the scatter plot 
proposition directly in the graph details. The scatter plot works similar 
to the line plot in the previous tutorial. The range variable (on the 
second line) assumes integer values from the range expression; for each 
integer value, a marker is drawn. The vector (top line) is the two- 
dimensional or three-dimensional location of the center of the marker.
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D e s ig n in g  F u n c t io n s

Distorting 
the Output

' is the single 
quote or apos
trophe.

This tutorial describes several of the ways that you can modify the 
appearance of a plot by modifying the equation that describes the plot. 
The function used in this example is sin(jc).

Start by typing y=sin(x). Then click the tyc- palette button (or choose 
GraphFy = f(n)FLinear) to create a two-dimensional graph of the 
equation.

To add a second plot to this graph, type ll-1-™! y'=sin(x)+l, then choose 
GraphFfldditionalFRdd Line Plot. In the dialogs, declare y' as a 
variable, and use it as the y axis. Another, different-colored (or heavier) 
line appears in the 2-D graph.

The black (or thinner) line is our original sinOe). The red (or heavier) 
line is the same thing, modified with the +1. Notice that the added red 
line is one unit above the original black line.
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In the equation for y ’ , change the 1 to 2 by selecting 1 and typing 2. 
The graph redraws. You may have to zoom out with the Rocketship 
icon and you may want to change the view with the hand icon to get a 
better view.

Now change 2 to -1  by selecting 2, pressing and typing -1. The 
graph lowers by one unit. (Again, you may need adjust the view.)

Now delete the -1 . (Delete the extraneous “+?”, too.) With sin(x) 
selected, type *2. The sine wave now swings twice as far because the *2 
amplifies the sine wave by a factor of 2. (Again, you may need adjust 
the view.)
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Change 2 to 5 and the effect intensifies even more. (Zoom out for a 
better view.)

Get rid of the *5 and change sin(ar) to -sinOe). (Select sin(x) and press 
the minus key to negate it.) This turns the graph upside-down. Hold 
[(option! (Macintosh) or 0  and (Windows) and click the Rocketship icon 
to zoom back.
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All of these modifications so far are linear; you could accomplish the 
same thing by drawing the graph on a rubberized sheet of paper and 
stretching it vertically or turning it upside-down. Now let’s try some 
non-linear transformations.

Delete the -sinfjc) and type (sin (x))A2. (You may have to Clarify or 
click the graph to make it redraw.)

Here are the effects of squaring:

• the square is always positive
• if the value is less than 1, the square is even smaller
• if the value is greater than 1, the square is even larger (not 

observed here)

The result is that all the negative values are now positive and all of the 
places that zoomed through zero now form rounded curves as they 
bounce up again. The whole thing looks just like another sine wave. In 
fact, it is! There is a well-known trigonometric identity which describes 
it.

By looking at the graph of (sinM)2, deduce the trig identity without 
using any algebra and without cheating and looking it up.

Now change (sinM)2 to (sin|>])3. This is a very nonlinear transform
ation!
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Distorting 
the Input

That's sin(x+ 1), 
notsin(x) +1.

We just saw what happens when you distort the result of a function. 
Now we will see what happens when we distort the input. Not only will 
the effects be horizontal rather than vertical, but the effects will also be 
the reverse of what you would expect if the same distortion were ap
plied to the output. Change (sin[x])3 to sin(x + 1).

You can see that the +1 has the effect of moving the function over by 
one. But notice it is in the opposite direction from what you might 
think—it was moved one unit backwards. Think of it this way: in order 
to get sin(O), where the function crosses zero, you have to make x be —1 
to cancel out the +1.

Now select the 1 and change it to 2. This moves it over the way you 
expect.
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Now change the 2 to -1  by selecting the 2, pressing and typing -1. 
Now the curve moves forward. Remember that in order to move it from 
zero to some place n, you must subtract n from x.

Delete the —1 and any extraneous ?, then, with x selected, type *2.
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ing. Well, sinO is the same—you are just making x change twice as 
fast.

Change the 5 to ^ (select 5 and type 1/2) and notice what it looks like:
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Now delete the fraction and any extraneous ?, then, with x selected, 
type - to negate it, so the expression appears as sin(-ac). Note the 
function is turned upside down.

Select -x  and type (Negating a negative makes it positive.) Type A2 
to make x2.

You can see the effect of x2 in the behavior near x = 0. It starts off very 
slowly, in the positive direction, whether x is positive or negative. After 
a while, though, x accelerates and you get a wildly varying function. It 
is almost as if you have sin(5jc) except the 5 is not 5, it is x, getting 
bigger and bigger as x gets larger.
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C o o r d in a t e  M a p p in g

This tutorial describes how to use one of the predefined functions, 
FromPolar, to alter the coordinate system—and thus the appearance— 
of a parametric plot.

When you map a graph to a new coordinate system, you end up with a 
graph that bears a resemblance to the original graph, but is distorted. 
That’s the whole idea behind the new coordinate system.

A linear coordinate system can take the original image and move it, ro
tate it, and do certain kinds of uniform stretching on it. You can do a 
linear transformation by simply multiplying and adding matrices.

In this tutorial, you use a nonlinear coordinate system known as Polar 
Coordinates. The resulting distortion is interesting.

First, let’s make a 2-D graph of a 4-point star. Enter the equations:

□  X = (cosft])5
O  =(sin[«])P

Choose Clarify from the Notebook menu and declare t as a variable. 
Select both equations and choose H = f(t), y = y(t) Parametric from 
the Graph menu’s Other submenu to make a parametric graph. When 
Theorist puts up a dialog asking about axis variables, match x, y, and t 
to their axes.

h u a ri abI e s

(T| x  = (cos[*])

Theorist isn’t sure of the uariables that you want to use 
for your graph. Please confirm them below and click on 
OK.

xaxis y axis t parameter

t n t m t n
k J l k ni i k A
z z pt z
y l! y y

IX M X \n X c
Cancel

OK
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□  
Graph Icon

Let’s make another graph with this same star mapped through polar 
coordinates. Click on the graph proposition icon. Perform a copy, then 
paste. This duplicates the graph and places the copy below the original.

Now, open the bottom graph’s details and find the line plot: 

ty-Line at where t = - 3 . . .  3 with a normal'' line, colored
B la ck y  |.

Our next step is to adjust (x,y ). Click down so the blinking cursor 
appears just before the first parenthesis in (x,y). Type From Polar, 
exactly with initial caps and no space between From and Polar:

tyw-Line at FYomPolai^ar,^)where t = - 3 . . .  3w ith a normaly~|
line, colored Black

Clarify and when the dialog appears, click PreDefined to declare 
FromPolar as a predefined function. Now the graph looks like a mess, 
but don’t worry about it. It’s a mess because the center of the star is 
right on top of the origin. The origin, in polar coordinates, is a very 
strange place where distortion hits an all-time maximum. Let’s move 
the center away from the origin...

The star, which was in the (x,y) rectangular coordinates, is now in the 
(r, 0) coordinate system. (You still use the variables x and y but the way 
you are looking at it, the x is interpreted as r and the y as 9). You can 
improve the appearance of your graph by moving it ‘up’ in the r 
direction. That is, by adding something to r (the first coordinate).
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Exercise

Change FromPolar(*,y) to FromPolarOc + 2, y). You will have to adjust 
your view of the graph with the hand and the Rocketship because the 
graph is off to the right.

Change the 2 to 3 or 4 to move the star’s center further away from the 
origin. Slide it around by adding something to the 9 coordinate 
(actually y). This rotates it around the origin.

Graphing 93



Im p lic it  Eq u a t io n  G ra ph s

Sometimes, equations in two variables cannot be resolved into the 
standard explicit form, like y = [some expression in x]. These are called 
implicit equations. Converting to an explicit form can be a tedious— 
even impossible—task. Fortunately, Theorist can plot implicit
equations directly.

Create a new notebook and enter the equation for an ellipse.

2 2 
□  5 _ + > _  = i 

9  4

Note that this equation can not be solved explicitly for y, because it 
would either be multi-valued or non-valued. (If x is 4, then y is 
imaginary and would not show up on the graph. If x is 0, then y can be 
either +2 or -2 ; there is no way to make an expression yielding two 
answers like that.) Graphing the resulting function would require 
splitting into two parts (an upper and lower half). This can become 
tedious depending upon the complexity of the function. Using the 
implicit function feature simplifies plotting functional relationships of 
this type.

With a selection in the equation, pull down the Graph menu and from 
its Other submenu, choose f(H,y) = g(H,y) Implicit. Accept the 
default axis variables in the dialog. Open the details and change the 
aspect ratio from Stretch to Fit to True Proportions.

-2 g | 0

A

a
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Important
Note

Notice the graph is not as smooth as with a typical graph, such as a 
graph of sin(jc). This is because implicit equations are much more dif
ficult to calculate.

With explicit equations, Theorist chooses different values for x and 
calculates the value of y to draw a line. The result is an (x, y ) pair 
guaranteed to be on the line exactly. It is a one-step operation where 
forty to 100 evaluations generally get as much smoothness as is 
necessary.

With implicit equations, Theorist chooses pairs of values (x, y). It eval
uates both sides of the equation for each data point (*, y) to see how 
close to zero the result is. Rarely scoring a direct hit, Theorist then 
does linear interpolation to estimate where the line lies. The resulting 
line segments are merely rough sketches of where the equation is true. 
By default, eighty-one Or, y) pairs are evaluated, yielding the equivalent 
of nine data points vertically and nine horizontally. To get a resolution 
approaching that of typical line plots at normal resolution, you must 
increase the implicit graph resolution to 64 or more, which is time- 
consuming to calculate.

Implicit graphs do not guess the domain and range as well as some of 
the other kinds of graphs. This may require you to manipulate the 
graph using the Rocketship or the Knife (or editing the values in the 
graph details).
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P l o t t in g  w it h  Lo g a r it h m ic  
Sc a le s

Create a new notebook and enter the following equation.

Q y  = 2 0  log!
1

i + 2 g
, CO
z-------

CO
I

, CO
+ z -------

CO7tm

2

This equation is used to see the second order linear frequency response 
of the system.

Clarify and declare the symbols £ and co as variables. Create equations 
to give values for £ as 1 and (£>n as 1.

C K  =  i

C K  =  1

Click in the original equation. Create a logarithmically scaled graph of 
y by choosing Graph^y = f(H)>SemiLog-H . In the familiar dialog, 
use co and y as the axis variables.

Suppose we are only interested in co ranging from 0.1 to 10. We have 
two ways to change the domain of co: use the knife or edit graph details. 
In this example, we will edit the graph details to develop a better 
understanding of how logarithmic axes are used in Theorist.
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Open the graph details.

The vertical scale 
is linear and so 
the numbers 
represent actual 
values.

-3  ... 3 = left...right Stretch to Fit

-  120 ... 0 = bottom...top cropped Moderately

Declarations 

tyc- Line at (log[ y )  vhere co= 10 ... 1 0 * “  vitha normal line, colored Black

Note how left and right dictate the region plotted in the graph, but in 
linear coordinates which are logarithms of the frequencies, not the 
values of the frequencies themselves. To change the domain of co to 0.1 
to 10 (which is 10-1 to 101), edit the statement for left...right so it 
becomes -1  for left and 1 for right. While you are in the details, go 
ahead and change the bottom value to -60  to fill up the graph.

- 1 . . .  1= left...right 

— 6 0 . . .  0 ■ bottom...top

After making these changes, the final graph is drawn as shown below.

Theorist also supports SemiLog (y axis is logarithmically scaled) and 
Log-Log (both axes scaled logarithmically) plot styles.
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T h r ee- D im e n sio n a l  G r a p h in g

This tutorial describes a few basic tools you can use to interact with 
three-dimensional graphs, including:

• The hand cursor, for rotating the graph directly
• The Rocket, for zooming out and in on a graph
• The Knife, for selecting a portion of a graph
• Resolution accuracy buttons for smoothing a surface or speeding 

drawing

You were introduced to these tools in the chapter on two-dimensional 
graphing and now you will see how they are applied to 3-D graphs.

Type this formula into a new notebook: z=1.5Ay (Ej *sin(x).

With the blinking cursor in the equation, pull down the Graph menu 
and from its Z = f(H, y) submenu, choose Ilium. 3D. A dialog appears 
asking you to confirm the axis variables you want for your graph. 
Match the variables to their axes and click OK. Then a three- 
dimensional graph theory appears with a surface plot.
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Whether Theorist 
continually re
draws the graph or 
just draws an out
line depends on 
the current reso
lution and the res
olution setting in 
the graph prefer
ences dialog.

As with two-dimensional graphs, the cursor becomes a hand for 
scrolling the graph. This time, though, what it does is a bit different. 
As you click and drag the image left, right, up, or down, the portion of 
three-dimensional space displayed in the viewport rotates as if you had 
your hand on a globe. As you drag, the graph either redraws with the 
new orientation, or a box outline shows the bounds of the graph as you 
drag,

...and the graph redraws with the new orientation when you release the 
mouse.
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Momentum is not 
animation.

Note: rotational 
momentum occurs 
in the background 
when you have 
left Theorist to use 
other programs. 
You may want to 
stop a rotation by 
clicking on the 
graph before 
putting Theorist in 
the background.

p F 1
i i

Orientation Guide 
(showing top 

view)

More Accuracy 
Button

The outline box line width increases at each multiple of 15 degrees of 
rotation (in latitude and longitude). If you rotate the cube by multiples 
of 15 degrees longitude and  15 degrees latitude, the line becomes even 
heavier.

Rotational freedom is limited to rotating the display around its vertical 
axis,and rotating the vertical axis towards and away from you. Hold 
the EE) key (Macintosh) or E3 and EE3 keys (Windows) as you drag to 
tilt the vertical axis and rotate the graph more freely. See the Theorist 
Reference Manual for more information.

If  you click to grab a graph, move the hand, and release the mouse but
ton while the hand is still, the graph redraws in the new orientation. 
However, if you click and grab a graph, move the hand, and release the 
mouse button before you have stopped moving the mouse, the graph is 
continually redrawn along the desired rotation path. The grab-and-stop 
method is like someone slowly moving a globe to position it at a specific 
location, whereas the grab-and-swipe method is like a five-year-old kid 
giving the globe a good swipe to watch it spin. The amount of 
momentum is determined by how short or long the “swipe” is—grab a 
comer and swipe to the opposite corner for lots of momentum or grab in 
the middle with a short swipe for a less radical rotation. (The former 
method may be more entertaining, the latter more enlightening.)

A feature unique to 3-D graphs is the orientation guide in the lower left 
of the graph proposition. It displays a cube which you can think of as 
your 3-D graph space. The cube by itself indicates you are looking at 
your graph’s original orientation. The cube with an arrow pointing to 
one of its sides indicates which side you are looking at (in case you get 
dizzy or otherwise disoriented while rotating a graph). Click on the icon 
to return the graph to its original orientation, saving yourself the 
trouble of rotating it back in place.

Notice how the graph is made up of flat panels, which is disappointing 
because in reality it is a smooth surface. The computer must evaluate 
at points to get a good guess. We can improve the guess. The More 
Accuracy button increases the number of data points for a higher reso
lution plot, which makes certain types of plots smoother. As you click 
the button, notice that two numbers appear next to it. The left number 
is the current resolution, and the right number will be the new reso
lution when the graph is redrawn. Right now, increase the resolution a 
few clicks.

Rotate the graph to see the effects of the higher resolution. The more 
detailed graph looks pretty, but it slows down the drawing speed (so 
much that Theorist will not continually redraw the graph and just 
draws a box outline while rotating). Higher resolution makes nice 
looking pictures for publication but you will probably want to keep the 
accuracy low while working with Theorist, no matter how fast your 
computer is.
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Less Accuracy 
Button

Knife Button

Tip: You can 
zoom in on a 
graph by holding 
the Ii°pm°"I key 
(Macintosh) or ED 
and IIHD keys 
(Windows) as you 
click the 
Rocketship.

The Less Accuracy button has the opposite effect of the More Accuracy 
button. It decreases the number of data points for a lower resolution 
plot, which has the unfortunate side effect of making certain types of 
graphs more chunky or jagged. This is especially true with this 
particular graph. Give the Less Accuracy button several clicks now and 
take the resolution all the way down to 1. Notice the less appealing 
plots as you go. Click the More Accuracy button a few times to bring 
the resolution back to its original setting of 8. Notice the slower 
drawing speed as you go.

The knife, which zooms in on a specific section of the graph to see more 
detail, works somewhat differently in 3-D than its 2-D counterpart. To 
see how it works, re-orient the graph so you are looking down at the top 
of the surface (or up from below). This process works best when you are 
looking at a surface perpendicularly (although you can play around 
with it later). Click on the knife, as before. Your cursor turns into a 
knife, ready to slice out and enlarge a piece of the graph. This time, you 
slice out a section of the graph by dragging on the surface itself.

&
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The piece you slice out constitutes a number of whole panels.

Three-dimensional graphs, like 2-D graphs, are interactive and always 
reflect current conditions. When you change the equation, the graph 
changes in response.
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T h r ee- D im e n s io n a l  G ra ph  
D eta ils

Each graph is defined by a set of statements that describe the contents 
of the graph. When you edit a graph, you change certain values in 
these statements. You can also edit these statements directly. This 
tutorial provides a brief tour of the graph details for a three-dimen
sional graph, including:

• Graph bounds
• Axes propositions
• The aspect ratio
• Display cropping
• Viewing lens

In a new notebook, make an Illuminated 3-D graph with the equation

_ x + y 
2

Open the graph details and delete the surface plot, then close the 
details. Delete the entire equation proposition because all we need is 
an empty 3-D graph.

Note the coordinate axes. You have a right-handed coordinate system. 
If you take your right hand and label your thumb and forefingers x, y, 
and z in order, you get the correct orientation when you spread your 
three fingers apart like a tripod. Left-handed coordinate systems are 
mirror images of these.

L J
Surface Plot Icon

Right Hand 
(palm up)
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Rotate the graph with the hand. Note that the axes all line up with the 
ghost cube.

The cube outlines a piece of three-dimensional space called the data 
region for that graph. The edges of the data region are the bounds. 
You can see and edit the bounds by opening up the details of the graph.

Since 3-D graphs are designed to work for all variables, not just x, y, 
and z, these bounds are referred to by geographic names. If you orient 
the sixes on end, you notice that the west, south, et cetera all work as on 
a map or on the surface of the earth, with the top higher in altitude 
than the bottom. Note that the south, west, and bottom numbers are 
always lower and that the north, east and top numbers are always 
higher. Remember this. Think of Los Angeles (southwest) as being 
negative and New York (northeast) as being positive.

Expose and examine the Declarations comment within the graph de
tails. Beneath it are six name declarations, one for each of the bounds 
numbers.

-  3  ... 3 = west...east —
-  3 ... 3  = south...north
-  3  ... 3 = bottom...top

z

x

y
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<&A

<&A
<&A

<&A
<&A

<&A

Constant'
Constant'
Constant'
Constant’
Constant’
Constant’

as 3D X-Minimum’V |.

is 3D X-Maximumv .

; as 3D Y-Minimum ▼ I
3 as 3D Y-Maximum^ .
es as Vertbal Minimum^1
3 Vertbal Maximum^ •

Within the graph these names behave as constants that always eval
uate to the bound value of their name.

Also under the graph declarations are three axis plots, one for each 
dimension:

Jj Axis at (west, south,2r) where z  = bottom ... top labeled z o n  
this side^ I cobred Lilac’

Axis a t (w est,j',bottom )where y  = so u th ... north labeled y  on 
this side'T' | cobred Lilac'

Axis at(x ,south ,bottom )w here x  = w e s t ... eastlabeled x  on
this side’ cobred Lilac

Each one consists of a vector that would be (west, south, bottom) except 
one of the components has a variable in its place. The location (west, 
south, bottom) is the low point within the bounds because each 
coordinate is at its minimum there. Also, all the axes start here in the 
current set-up.

Click on the first axis icon to select it, copy, and paste three times. 
Change half of the souths and bottoms to their opposites so you have all 
four combinations:

x, south, bottom 
x, south, top 
x, north, bottom 
x, north, top

Your graph now has four x-axes. Do the same thing to the y axis:

west, y, bottom 
west, y, top 
east, y, bottom 
east, y, top
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.and the z axis:

Stretch to Fit 
True Proportions

Aspect Ratio 
pop-up menu

west, south, z 
west, north, z 
east, south, z 
east, north, z

Delete the grids, then take a look at the graph. You get a tricky, yet 
educational, result. You also get a fuzzy cube.

This cube of axes is good because you get a better idea of what is going 
on in the space.

All plots in your 3-D graph are drawn in the graph space. The viewer 
can see anything that is visible in the viewport, not only in the data 
region but beyond it. (For efficiency, Theorist does not draw objects 
that are more than a few diameters away from the data region.) You 
can rotate this space around and view any part of the space by typing 
its coordinates into the bounds.

The aspect ratio controls how Theorist reacts when your bounds are not 
the same size. To see how this works, change your “bottom...top” 
bounds from “-3...3” to “-1...1”. Examine the graph as you rotate it 
with it stretched to fit, then rotate and examine with true proportions.

“Stretch to F it” means the space might be distorted along one or more 
axes in order to make the data region appear to be a perfect cube. 
Angles and slopes are distorted. This setting is best if your dimensions 
are not measured in the same units (for example, pressure versus 
temperature).

“True Proportions” means that one unit in the x direction corresponds 
to one unit in the y and z directions, such as when you are drawing 
geometric diagrams in the space where x, y, and z are all in units of 
length.
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As you rotate a truly-proportioned graph, you may get a rectangle 
because the data region is not truly cubic. But, as you rotate a 
stretched-to-fit graph, there is always a distortion in effect that causes 
it to look like a perfect cube. You can see this by watching the tick 
mark spacing on the axes.

Looking at the graph through the viewport is like looking through the 
viewfinder of a camera. Theorist makes it easy to control all the options 
with two pop-up menus, one for cropping and one for viewing:

cropped M oderately’

as  seen through a N o r m a ls ]  lens

The cropping determines how close the image gets to the edge of the 
viewport. Since your data can produce strange plots, you can set this 
on Very Wide, to see everything. (Do this now.) The image is shrunk so 
it all fits in. This option is particularly useful if  your data has sin
gularities or goes far beyond the data region.

On the other hand, you may want to get a more close-up, dramatic view 
of some small part in the middle. You can get to a desired view in very 
tight steps if needed. Do this and experiment.

The lens setting determines the degree of perspective. The lowest 
setting is Very Wide Angle, which almost always distorts a lot. Choose 
this now. The main distortion is that close objects get very large. 
Therefore, widen the cropping at the same time.

Distortion lessens toward the other end. The last few are barely dis
tinguishable on the screen but are visible on high resolution output 
devices such as laser printers. Try Telephoto now.

The last setting, Infinitely Distant, removes all perspective distortion. 
All parallel lines remain parallel. Try it now.

You can use the options described in this tutorial to customize your 
graph view to your exact needs.
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C o m plex  3 -D  G raph

You may want to 
resize and/or 
move the graph to 
get a better view.

If  your machine is equipped with color, you can use color as an addi
tional dimension to tell you more about a relationship. (Even if you 
only have black and white, you can use Theorist’s shading.)

One way this comes up is in functions of a complex variable. Each com
plex dimension soaks up two real-valued dimensions. Therefore, a sim
ple complex relationship y = f(x) results in a four dimensional graph! 
Theorist has a way to deal with this.

Make a new assumption and type y=sin(x), a function which works all 
over the complex plane. You can witness firsthand what it looks like. 
With a selection anywhere in the equation, pull down the Graph menu 
and choose CompleH 3D from the y = f(H) submenu. (Ignore the first 
two axis variables in the dialog.)

The complex 3-D graph uses the absolute value of the function for the 
height and the phase to indicate the hue. As you travel around the cir
cle I x I = 1 in the complex plane, the color rotates around the rainbow. 
As the magnitude increases, the color bleaches to white, and as the 
magnitude is reduced, it fades to black. It is more spectacular in color 
than in black and white, because the color indicates the complex phase 
of the function.
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This can be seen graphically in the plot. The absolute value of sin(jc) 
along the real axis proceeds as it does for real-valued sin(*), but along 
the imaginary direction, it turns hyperbolic:

sin(Mc) = i sinhOe)

If all the above seems confusing to you, follow the next tutorial and 
then perhaps you can see how the complex 3-D graph does what it does.
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S u r fa c e  C o l o r in g  Sc h em es

You may want to 
resize and/or 
move the graph to 
get a better view.

Color is a useful additional dimension to tell you more about a re
lationship. (Even if you only have black and white, you can use 
Theorist’s shading.) This tutorial describes different coloring schemes 
used with surface plots in three-dimensional graphs.

Make a new assumption and type y=x. With a selection anywhere in 
the equation, pull down the Graph menu and choose Complex 3D 
from the y = f(x) submenu. (Ignore the first two parameters in the 
dialog and match up the x and y axis variables.)

Open up the graph details and look at the surface plot. The surface plot 
is the most complex of the five available kinds of plots because of all the 
coloring options.
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Solid
Gradient
Custom

Compleu
Direct

Coloring 
Technique 

pop-up menu

Transparent 
Translucent 
Opaque 
Illuminated 
Rpril Lighting 
July Lighting 

Optical Properties 
pop-up menu

The master switch for the color is a pop-up menu, set to Complex below.

Complex -y | coloring;

There are five coloring options. Many of them use the value from the 
evaluated expression. In this case, Complex, the surface plot expects 
this expression to be complex-valued. If it was only real-valued, your 
colors would not be as interesting.

Change this pop-up menu to Gradient. When the graph is redrawn, 
surprise—only the mesh is left. This is because Gradient expects the 
shade/color expression to be real-valued and it is not. More specifically, 
it expects it to be in the range 0...1. Each pane for which the expression 
is not real, Theorist makes transparent. To fix this, change the complex 
expression (which appears just before the words “selects a color from”)
from y  to

y
5

selects a  color from  Black ... W hite t ] ,

As the name implies, the color is a mixture of the two selected colors 
blended from 0 to 1. You can set an alternate minimum or maximum. 
Change the expression to ly l = 1...3. In this case, 1 becomes the 
minimum and 3 becomes the maximum.

1^1 = 1 . . .  3  selects a color from  Black V ] ... W hite y ] ,

An even simpler color scheme is Solid. This option lets you choose a 
color which is constant over the surface. It is most useful if  you choose 
Illuminated from the first pop-up menu, which chooses optical proper
ties of the surface.

Choose the Custom coloring option. This option is best when you need 
to discern levels of intensity. The graph is redrawn in white, blue, 
green, yellow, and black, according to the value of your expression, 
which, once again, ranges from 0 to 1 (or other limits you specify).
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The complete mapping is:

Value Color
0 Black

1/4 Blue
1/2 Green
3/4 Yellow
1 White

Colors in between are blended and/or interpolated. Colors beyond are 
pinned (black or white).

Notice the pop-up menu named Oregon. Custom color schemes all fol
low the above scheme ranging from 0 to 1, but they differ in the colors 
they use. The names are states in the United States. Most of them go 
from black to white through various colors, but Kansas cycles through 
the rainbow. See the Theorist Reference Manual for a complete listing 
(or just try them out).

Choose Direct. This is a more serious option, where you want to 
directly calculate the color to use. This scheme requires you to enter a 
3-vector into an expression. Change the I y I = 1...3 to ReOe), Im(*), 0.5:

(R e[a t], Im [ar], 0 .5) determines the color components 
| Red, Green, Blue -y |,

Your surface is bathed in subtle shades. Maybe. You may have to use 
the knife to select such portions of the surface. See the Theorist 
Reference Manual for more details on this mapping scheme.
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P l o t t in g  M u lt ip le  S u r f a c e s  in  a

3 -D  G ra ph

When you get a 
dialog, just accept 
the defaults.

In a new notebook enter the following equations:

0 2  =  1 .5 * s in ( y )  

0 2 '  =  1 .5 *c o s ( j/ )

Clarify and declare z ’ as a variable. Click within the first equation and 
create an Illuminated 3-D graph, then click in the second equation and 
choose Graphtfldditional^Rdd Surface Plot.

Rotating the graph helps visualization. (If you are using a color 
monitor, it also helps if you open the details and make the second plot 
translucent, possibly with a different color scheme.) Note the 
intersections of the surfaces.
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Pa r a m etr ic  P lo t t in g  in  T hree 
D im en sio n s

It might be easiest 
to click on the 
proposition icons 
of each.

This chapter shows you how to make a space plot of a curved line 
suspended in space. Graphs of this type are helpful when you are 
trying to trace the trajectory of a particle in space.

Create a new notebook with the following three propositions.

x -  sin(j) 
y = CO s(*)
Z  -  t

Select all three equations, selecting the x one first, then y, then z. (You 
need not select the whole equation, just click anywhere inside the first 
one, then hold ll »hi(t I as you click on or in the other two.) All three propo
sitions should now be highlighted or should have a selection in it. If 
you did not select them in order (x first, then y, then z), un-select and 
go back and do it right.

□ m s i
i
I

□  *  =  CO, 
■ ■----------

1

□B
To plot the helix, choose h = f(t), y -  g(t), z = h(t) Space Curue 
from the Graph menu’s Other submenu. (The declaration dialog for t 
comes up first; make t a variable.) The familiar axis variables dialog 
comes up.

□□□
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If you started with 
a fresh notebook 
you will not have 
extraneous vari - 
ables interfering in 
this dialog.

Graph Variables

Theorist isn’t sure of the variables that you want to use 
for your graph. Please confirm them below and click on 
OK.

xaxis y axis z axis t parametc

t 3> f 3> t t
k fg k k grass

It
z Z £>?<:<> z ■+<&>$ z
y y pSpj y y
X X ■ X •O' X

Cancel

OK 3

However, it is not exactly the same as the dialog we have been using for 
the past few tutorials; this one has more variables because we are 
working in three dimensions now. It allows you to change the variables 
you want to use to plot the curve. If you have done all of the above 
steps correctly, the dialog shows x, y, and z in the left boxes and t in the 
right box. If  not, simply select them in that order. (Theorist reads 
things off left to right. If  you have other variables with values defined 
outside the statements, you should select the true dependent and 
independent variables at this time. Take care when creating graphs 
that use more than one variable.) Click OK.
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It is so tall and skinny all we can see is its middle. Open the graph 
details and change True Proportions to Stretch to Fit. This changes the 
graph to something more attractive.
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G r a p h in g  fr o m  S c r a t c h

To create a non-standard graph, such as a three-dimensional Line plot, 
start by creating the type of graph theory you want as a shell, then add 
plots as needed

In this example we create a Line plot spiral in three dimensional space.

Enter an equation in three variables, such as z = x + y. Select it and 
choose any 3D item from the Graph ►z = f(K, y) submenu. (Accept 
whatever default dependency relations are displayed in the dialog.) 
Open the graph details and delete the Surface plot proposition.

To insert a parametric Line plot into this empty shell, choose Rdd Line 
Plot from the Graph menu’s Additional submenu. (Match the axis 
variables in the dialog.) Modify the new line plot proposition as follows:

ty'-Line at ,2r)where t — —10...  lOwith a normal ▼ line, colored 
~Black 'w |.

Then, outside the graph, create the following equations, select them, 
and choose Make Working Stmt from the Notebook menu. (Declare 
t as a variable.)

© *
©

© *

3 s in (2 i)
3cos(2£)
f

3

Depending on the equation used to create the three dimensional graph 
theory, you may need to adjust the graph bounds and the viewport 
controls. Set the aspect ratio to Stretch to Fit, and adjust the graph 
bounds to —2.5 ... 2.5 for the two horizontal coordinates (west ... east 
and south ... north), and —5 to 5 for the vertical coordinate (bottom ... 
top).

— 2. 5 . . .  2 . 5 =  west. ..east Stretch  to F it '

— 2 . 5 . . .  2 . 5 =  south...north cropped Moderately ▼ |

— 5 . . .  5 =  bottom...top as seen through a Normal lens
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With a little rotation, the graph should look like this:

Using this technique, you can insert a Line, Contour, Scatter, or 
Surface plot into any two- or three-dimensioned graph theory.
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A n im a t in g  a  G r a ph

Don't start yet; 
this is just an 
overview.

Application 
Memory Size 
(Macintosh 
only)

Animation
Steps

Theorist’s animation facility lets you view a family of related graphs in 
quick succession. The animation creates the illusion of movement by 
creating several versions of a graph as one variable changes, saving 
these images, and displaying them in rapid succession.

The first step in the animation process is to modify your graph by 
incorporating an extra “time” or “animation” parameter into some 
expression. (We will use a as an animation parameter, but you may use 
any as-yet-unused variable.) This animation parameter changes in 
value from one frame of animation to the next. Then you give the Start 
command, which appends the animation box to the bottom of your 
graph and begins the animation process.

The process of animating even the most complex three dimensional, 
color graph is basically the same as the process of animating a 
Saturday morning cartoon. Theorist starts with an image of the graph, 
then renders many similar images, each drawn slightly different from 
the previous image. Finally, it quickly flips through all the completed 
images, or frames, giving the impression of motion.

Because animation is memory-intensive, before you use it you should 
make sure Theorist has as much memory as possible. (This is major 
consideration for Macintosh users, but less so for Windows users, 
because of different memory management and controls.)

If  you are using System 7 or MultiFinder, Theorist can only work with 
the amount of memory allocated to it. Even if you have a sixteen- 
megabyte Macintosh, if you allocated Theorist a 1500K partition, you 
don’t have much to work with. To increase the Theorist application 
memory size, quit Theorist and go to the Finder. Select the application 
by clicking once on its icon, then choose Get Info from the File menu 
to bring up the Info window. The box in the lower right hand corner 
specifies the memory to be used by the application. Enter the desired 
memory where it says “Current size” or “Preferred size”. For additional 
instructions, see the Getting Started section’s Macintosh installation 
chapter.

Let’s start by animating a simple two-dimensional graph. Create a new 
notebook and type y=sin(x). Graph it by clicking from the palette 
(or by choosing Graph ► y = f(H)^Linear).
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This reduction is 
not necessary if 
you are confident 
Theorist has 
plenty of memory 
to work with.

Reduce your graph to about half its original size by dragging the resize 
box. This saves memory and more or less guarantees success.

Next we add the animation parameter. Select the x  and type +a. (After 
typing + o, an error message appears in the graph area. This is normal 
and will be taken care of later.) The added variable will cause the 
phase of the sine wave to vary from one frame to the next when the 
animation begins.

The next step is to select the animation parameter, so drag over a. Pull 
down the Graph menu’s Animation submenu and choose Start. The 
animation appears in place of the graph proposition. The animation 
begins at a start value and increments by the step value for ehch frame 
until it reaches the ending value. The first time through the sequence, 
Theorist draws the graph slowly and carefully on the screen for each 
frame, saving frame images in memory as it goes along. (This is the 
initial calculating and rendering; note the appearance of the Calculator 
icon.) After the last frame has been saved in this manner, the actual 
animation begins.

Frame Animation Value for

To halt the animation click the mouse anywhere in the notebook. To 
resume, click within the graph viewport. To stop the animation and 
return the viewport to the inanimate graph state, choose G raphs 
Animation ►Stop. This stops animation, throws away the rendered 
frames currently in memory, and gets rid of the animation controls box 
below the graph.
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Animation
Controls
Domain

Domain Cycling

Number of 
Frames

More frames also 
equals more time 
to render them.

Step Value

Speed

For comparison, 
most cinematic 
movies are dis
played using thirty 
frames per second.

The size of the animation depends upon the size of your graph. A copy 
of the viewport is displayed, but without the editing icons. You can not 
edit a graph while animating it.

Below the animation are the animation controls, including a statement 
with some settings and pop-up menus.

The statement says “Animate this graph for” followed by the animation 
variable and the domain over which the animation variable will vary. 
This domain often defaults to run from zero up to 2n (6.28). You can 
change either or both of these values.

Functions that are naturally periodic should use the “in a cycle” set
ting. Images for the starting and ending values appear the same; you 
only want one frame for this value, not two. If your function is non
periodic, use the “one-way” setting which pauses briefly between the 
last and first frame.

Following the domain in the statement is the total number of frames to 
use in the animation. It’s simple: more frames equals more quality 
equals more memory usage. More frames produce smoother 
animations. Available memory limits the actual number of frames that 
you can create. The number of frames to produce defaults to ten 
(regardless of the available memory). If more memory is available, you 
can increase the number of frames. If not enough memory is available, 
decrease the number of frames. (Otherwise frames are generated 
during the animation, which is slow and undesirable.)

Increasing the number of frames decreases the step value and improves 
the visual resolution of the animation. The step value is determined by 
dividing the range of values by the number of frames. Changing the 
starting or ending domain values (or both) adjusts the step size but does 
not change the number of frames. Changing the step size directly does 
affect the number of frames.

Use the speed pop-up menu to set the speed of the animation playback. 
Speeds range from one frame every two seconds (1/2 fps), to thirty 
frames per second. One additional setting, “Maximum,” displays the 
images as fast as your machine can move them from memory to the 
screen. These settings are approximate. If the images are very large, 
or you are running Theorist on a slower CPU, the time required to move 
the image from memory to screen may be greater than the designated 
increment between frames.
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In t r o d u c t io n

A table is a model of a smooth, continuous function defined by function 
values at regular intervals. It is the computerized equivalent of the 
printed look-up tables of logarithms or trigonometric functions that 
were in common use before pocket calculators incorporated these func
tions. With Theorist, a table for any kind of function can be easily gen
erated. Alternatively, you can create your own tables by importing data 
from an external source or entering the numbers by hand.

Theorist’s tables are much more efficient at storing large quantities of 
numbers than expressions such as matrices. Whereas matrices of over 
100 rows can get unwieldy, tables can easily handle tens of thousands 
of entries. Memory size is the only limit of table size.

You can create a table from an expression, a graph, external data, or by 
integrating differential equations. Examples of how to create a table 
using each method are described in the next few chapters.
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T a b le  B a s ic s

This tutorial shows:

• how to generate a table
• how to draw a graph of a table
• some table properties

Create a new notebook and type sin (x). Select it and click the |||!!| 
palette button (or choose Manipulate^Table^Generate...). This 
brings up the New Table dialog.

New Table

■■millllll
sssui! Tabulate the

as a
function 
of the 
variable:

®  Real 
O  Compleu

ualue of:

k O
a
z
y
X

J

sin(x)

as it assumes the ualues

6.3

with 64 points total,

separated by 0.1

Cancel OK 3
Click OK to accept the dialog defaults. Theorist inserts the table propo
sition in the notebook.

■ ■ ■ Ill mm

||i Tabulate gwith

With the ? in the table proposition selected, type y(x) for the table 
name.

IHIII Tabulate (at) w ith
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This tells Theorist to use this table to find values of y with respect to x, 
similar to if you had typed in y = sinOr).

The value of y may now be graphed in the usual manner. Click the 
proposition icon to select the table, then click or choose Graphs 
y = f(H)Hinear.?!!!! Tabulate v(x lwith am
nc .

x \4
Vmm

U ^
n -
/ \uySi 5 -

\ /
j7’( / x ■I £LJ

This looks just like sin(x) but in fact its domain is limited. Click on the 
Rocketship button to zoom out. Notice that beyond the table’s domain, 
the function is undefined.

Theorist interpolates between table values to give you a smooth result 
no matter how coarse your data values are.

Click the icon on the right of the table proposition, like this:

==ll!i Tabulate j/(x)with _ g
---------------------------------------------- "  llf
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This opens the table details below the table proposition.

§||j| Tabulate y  ( x )  with

Save Load Copy Paste
d o m a in : 0 6 .3
p o in ts : 84 in c :  0 .1
ran g e : -0 .9 9 9 9 2 0 .9 9 9 3 ?

0 y = 0
0 .1 y = 0 .0 9 9 8 3 3
0 .2 y = 0 .1 9 8 6 7
0 .3 y  = 0 .2 9 5 5 2
0 .4 . y  = ... 0 .3 8 9 4 2

The top area of the table details has buttons for importing and 
exporting data. Below these are the table domain settings. Below 
these is along list of data values in the table, with x values at left and y 
values at right.

In the data, find a value near 3.1 or so (it should be close to zero) and 
change its value to 1 to try to throw Theorist off. Close the table details 
and look at the graph. Zoom in and notice the anomaly you introduced 
by typing 1.

Tables 127



Using the Knife, zoom in on that location to see it in more detail.

Theorist uses a cubic interpolation algorithm to figure out values be
tween the table values. The algorithm guarantees the resulting func
tion passes through all data values, and the function and its first 
derivative are continuous, so the result is a smooth, curvy line, despite 
eccentric data values. Notice that the value takes a swing downward 
just before reaching the peak just like a large truck going around a 
sharp turn in a road. This shows how a particular location is affected 
by its neighboring four values.

It is also possible to define a function with a table. See the “Graphing 
the Imaginary Part of a Complex Table” which follows in this section of 
the manual.

128 Theorist Learning Guide



C r e a t in g  a  T a b le  fr o m  a  G ra ph

A table may be created from a graph very easily. Create a simple linear 
graph of any function:

Q j 1 =  c o s (x )  ______

Select the graph (by clicking on the graph proposition icon), then choose 
ManipulateHabletGenerate from the menu bar. The New Table 
dialog appears.

New Table

i aim 
■aim■■■hi Tabulate the

®  Real 

O  Complex
ualue of:

as a
function 
of the 
oariable:

k •0*
a
z
y
3C

I

as it assumes the ualues

with 44

separated by

points total,

0.139535

Cancel ~  r OK I
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The variable to evaluate and the domain are taken from the graph. If 
you like, you may change these, as well as the number of data points to 
store, and then click OK .
■  ■ ■ I l l  /  v

|||;!! Tabulate ^ (tt)w ith

Note the similarity between the original graph and the snapshot dis
play of the tabular data. If you typed different parameters in the 
dialog, note the differences between the graph and the snapshot.

If you did not have a graph selected, Theorist looks around for the first 
graph it finds, and then looks for the first line plot in that graph.

If a particular graph has more than one line plot, you can open the 
graph’s details and directly select that line plot before giving the 
generate table command. The last component of the vector will be 
tabulated.
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C r e a t in g  a  T a b le  fr o m  Ex t e r n a l  
D a ta

You may need to examine data created by another program or gathered 
from an external source, such as a spreadsheet application. Tables 
allow you to import data from such sources.

■■■!!!
First, create an empty table by clicking the i=|jjj palette button. (Or 
choose Manipulate^Table^Generate....) Just click OK at the dialog; 
the settings are not important because everything will be replaced.

Go to your spreadsheet program. (A word processor will do if you do not 
have a spreadsheet.) In a new worksheet, type in random numbers, 
pressing lH»™l after each. (The numeric keypad is good for this.) Type in 
a dozen numbers or so, then select the whole column by clicking and 
dragging. Choose Copy from the program’s Edit menu. Go back to 
Theorist and open the table details and click on the I Paste ) button in the 
table. (Do not choose Paste from the Edit menu or use the command 
keystroke.) Theorist adjusts the length of the table to fit the data.

You may experience a glitch depending upon how your spreadsheet 
program is displaying the numbers. When you copy the numbers out, if 
there are commas separating thousands, Theorist interprets the num
ber as two or more numbers. For instance, the text “12,345” will be in
terpreted as two numbers, “12” and “345”. By setting formatting op
tions in your spreadsheet, you can avoid this problem.

Go back to your spreadsheet program and save the worksheet as a text 
file. Go back to Theorist and your table. Click on the ( load 1 button and 
use the file selection dialog to open the file you just saved. This button 
lets Theorist read in a text file that has numbers in it. The syntax rules 
for the text file are exactly the same as for the Paste data.

After you read in your data, you may want to adjust the domain to re
flect which data value belongs where on the x axis. If you have two-col
umn data, and the numbers in the first column are equally spaced, you 
can Paste or Load that into a table and Theorist adapts the domain to 
fit your data. If the numbers are not equally spaced, Theorist changes 
the domain to be simple integers.

Reading data into a complex-valued table is similar to that for a real
valued table, except that instead of one or two columns of data, you 
must have two or three columns of data; the extra column is the imagi
nary part.
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Ex p o r t in g  D a ta  fro m  a  T able

Create a table of data using one of the methods described in the 
previous tutorials. Open the table details.

8  }!jj Tab ulate y  (ff) with

Click on the 1 saue ) button, which brings up a file selection dialog. This 
dialog allows you to give a file name and location where the data from 
the Theorist table will be stored. After it has been saved, the data can 
be imported back into Theorist at a later time or imported into one of 
the many popular data presentation programs. The data for a real 
table is always a single column of numbers, separated by new lines. 
For complex tables, it is two columns, for the real and imaginary parts.

You can also transfer the data from a table to the clipboard. Simply 
click on the I copy ) button.
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G r a p h in g  t h e  Im a g in a r y  Pa r t  o f  
a  C o m p lex  T a b le

In this example, we see how to retrieve a particular column of data from 
a complex table and how to reference a table by function name.

In a new notebook, enter e130. Select it and generate a table. The 
resulting table looks similar to the ones you have made before, but it is 
in rainbow colors.

O ' *
[|1 Tabulate gw ith

This tells you it is a complex table. The height tells you the real part 
and the color tells you the complex phase.

Color Complex Phase
yellow real positive

blue real negative
strawberry red imaginary positive

sea green imaginary negative

Next, type T  over the selected question mark in the table proposition. 
Clarify and declare T  as a function. This is a different way to access a 
table—as a function instead of as a variable. Note that you do not have 
to enter T(x) here. You instead specify which variable (x) when you use 
T, not when it is defined in this table. (Compare this to the variable 
method where you type y(x) in the table but y when you use it—just the 
opposite.)

Enter the following proposition.

□  y = IinCn*])

Click or choose Graph^y = f(n)^Linear. (Declare Im as the 
predefined function.) The resulting graph looks like the ubiquitous sine 
wave. This should not be too much of a surprise if we recall that 
e lx -  cos(x) + i sinOe).

The real part (first column) of a complex table may be graphed in a 
similar manner withy' = Re(TM).
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G e n er a t in g  Ra n d o m  N um bers

Random numbers are hard to generate with Theorist, because Theorist 
is deterministic. It is designed specifically to get the same answer 
every time, whereas a random number generator generates different 
numbers each time. Nevertheless you can generate a table of pseudo
random numbers that all depend upon the x value in a table.

Type mod(exp(x+3*’p),l).

Q  mod(exp[ar + 3it], 1)

Select it and generate a table using the dialog’s default settings. 
Theorist makes a table of pseudo-random numbers, each falling within 
the range from 0 to 1.

■ ■ ■ I l l  ■

Hjlij Tabulate |with

Let’s examine how it works. Select just the “expfrc + 3p T  part of the 
expression and make a new table.

■ ■ ■ I l l  ■

IIIIH Tabulate |with

Open the table and look at the results. You see a typical exponential 
climb of numbers. All the mod() function does is chop off the whole 
number part, leaving fractional parts that are scattered widely and 
evenly over the desired range.

You can customize this same algorithm for your purposes if you put 
some thought into it. You can change it to 1...2 by simply adding 1. 
You can change the range to 0...5 by simply multiplying the whole 
thing by 5.

You might think that you could change the range to 0...5 by changing 
the 1 to a 5, and that works in this case, but if you try numbers that are 
much larger, your random number generator will suffer. This can also 
happen if you change your domain to be numbers very different from 0 
through 6.3 with a 0.1 step size.

To see why, try using this random number generator: mod(expM,l). 

| i  Tabulate gwith

ll.lJfc tkUuillLMj.ih*.
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The table, at first glance, looks random, but if you look at the begin
ning, you will see a ramp of about seven or eight points. Right after it 
is a sharper ramp, about half as many points, and after that, more 
ramps going up and down.

Generate a table of the inner function (exp[*]) to see what is going on. 
The function varies slowly, and the first few ramps are actually pieces 
of exponential curve. The following ramps are harmonic patterns: if 
the function is increasing by 4.1 each time, the modulus is changing by 
.1 each time and you have a ramp.

In order to have a good random number generator, you need the numer
ical equivalent of a roulette wheel that spins perhaps a hundred or a 
million times before it stops again, and the exact place where it stops 
determines the next random number. Spinning a few or a dozen times 
is not good enough, because lower numbers become more probable than 
higher numbers.

Note also that the choice of exp() was made to minimize patterns. If 
you instead use a quadratic in its place, you will also find patterns, but 
those do not go away so easily. You can experiment with other func
tions, but avoid those that have smooth minima or maxima; use a 
monotonic function. Each minimum or maximum results in an unfair 
proportion of numbers in one local area. (This is why we use mod() in
stead of sin(). You do not want a lopsided roulette wheel, do you?)

Also avoid going overboard. For instance, try this random number gen
erator: mod(expDc + 100], 1).

|||!!STabulate ^with

You can see the answers are far from random. If you generate a table of 
the inner function, you can see why: all of the numbers are greater 
than 1040. Since Theorist has only 15 digits of precision, any number 
greater than 1015 lose all precision in its fractional part. Numbers that 
are about 1010 only have five digits in their fractional parts. You must 
keep this in mind while designing your random number generator.

This is a discussion of very simple random number generators that are 
easy to type into Theorist. A more thorough discussion is in “The Art of 
Computer Programming,” volume 2, Chapter 3, by Donald E. Knuth, 
Addison Wesley Publishing. (See the Bibliography in the Theorist 
Reference Manual.)
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In t r o d u c t io n  t o  Po l y n o m ia l s

This tutorial introduces the concept of nomials and polynomials, and 
uses Theorist’s graphing ability to show the form of the first four 
“orders” of polynomials.

What is a Nomial?
binomial: ax + b
quadratic polynomial: ax2 + bx + c
cubic polynomial: ax3 + bx2 +cx + d
quartic polynomial: ax4 + ...+ e
polynomial: axn + ...+ z

A polynomial is an expression that takes on a special form. The form is 
a sum of powers of a variable (usually x), each being multiplied by some 
constant. Here are some examples of polynomials:

x2 + 2x + l  3x3 + 2x2 +x + 1

i v 30 1  2 .1 0  42
x x  3 13 5

Polynomials are very useful because you can get a wide variety of 
different functions of x by controlling those coefficients.

The ‘order’ of the polynomial is the highest power present. In the four 
examples above, two are third-order, and two are second-order.

In a new notebook, type y=(0*xA3)+(0*xA2)+0*x+0.

On the screen, Theorist gives you:

Q t /  =  ( 0 x 3) + ( 0 x 2) + 0 x + 0
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Click anywhere in the equation and choose Graph^y = f(H)>Linear to 
get a graph of it. Click the rocket button to zoom out. A graph of zero 
looks pretty boring.

In the equation, select the last zero and type 1. The graph changes so 
you are looking at a zero-order polynomial. Use the hand to get a better 
view.

The zero-order polynomial is a constant value. Constant values are 
used for approximations for many things. They are not very accurate 
but they are extremely easy to use. By changing the coefficient to dif
ferent numbers, you can change the height of the function everywhere 
at once.
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Now change the next zero to the left, the Ox term, to 1. x really means 
x1, just as x° = 1. Use the hand to center the graph.

Now the function is a line. Straight lines are great for making approx
imations. You can change the slope (which is the tangent of the angle) 
of the graph by changing this first-order coefficient. As before, you can 
change the height by changing the zero-order coefficient. By varying 
these two you can get almost any straight line. The only kind you can 
not get is straight up and down. (Try it.) When you are done 
experimenting with these two coefficients, set them back to 1.

Now type 1 into the second-order coefficient, the x2 one. Notice this is 
the first time you get curvature. It always looks like a parabola, either 
up or down, depending on the sign of the second coefficient. (Use the 
hand again to center the graph.)

140 Theorist Learning Guide



If  you enter a 1 into the third-order coefficient, with zeros for the other 
coefficients, you get this:

If  you then experiment with other combinations, you get graphs that 
look like the following:
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Notice how the graph always has two humps, though they may be 
shallow. More terms and coefficients give the function more flexibility.

As you can see, the higher the order of the polynomial, the more degrees 
of freedom it has and the more different kinds of functions it can ap
proximate. Later, in the Taylor Series tutorial, you learn how to gener
ate a polynomial specifically designed to approximate a function.
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M a n ip u l a t in g  P o l y n o m ia l s

This tutorial provides examples of several manipulations used to 
manage polynomials and other expressions. The tutorial describes:

• Using the Expand and Factor manipulations
• Using the Collect manipulation to group particular parts of an 

expression together
• Using the Commute manipulation to reorder the terms of a 

polynomial
• Working with polynomials that contain two or more different 

variables
• Working with rational expressions (one polynomial divided by 

another)

Polynomials are found virtually everywhere in mathematics. They are 
so useful that some of the simpler symbolic algebra programs can rep
resent nothing but polynomials.

Polynomials form a world unto themselves. You can multiply two poly
nomials to get another polynomial. You can raise a polynomial to an in
teger power and get another polynomial.

Expand

Factor

Type y*s(x+3)A6.

Select the [x + 3)6 by clicking just below the 6:

O  =

Click P> (or choose EHpand from the Manipulate menu) to expand 
the expression out. Theorist takes a moment and indicates it is busy 
with its rotating cube (Macintosh) or hourglass (Windows).

V

f\̂ y = #6 + ISac5 + 135#4 + 540#3 +12 15#2 +1458# + 729

Factor is the opposite of Expand. Select the expression after the equal 
sign (if it is not already selected) by double-clicking on any “+” sign. (Of
course you can just drag over the whole expression.) Then click (or 
choose Factor from the Manipulate menu).
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A  y = ( * + 3/

Collect

Commute

Two
Variables

Factoring takes more time than Expanding because it is a difficult 
procedure akin to unscrambling an egg.

Collect is a stripped-down version of Factor. Type llrelurnl y=12*(xA2)- 
6*(xA6)+3*xA5.

Select the right side of the equation. (Remember the shortcut: double
click on the “+” sign.) Click (or choose C o lle ct from the 
Manipulate menu).

Q y  = s{-2x4+x^+A)x2

Notice that Collect picks out 3x2 as a common factor to all the terms 
and it multiplies it on the outside. Also notice that it organized the 
inside in polynomial order with the highest power to the left.

Many people want their polynomials arranged in reverse order from the 
default. You can do this by selecting the polynomial (-2jc4 + x3 + 4) and
choosing f f  from the palette’s sub-palette (or choosing Commute 
from the Manipulate menu).

Q y  = cfa+x^ -2x4)x2

You can use Collect on even more complicated expressions. Type 11 ̂ I  
z=(xA3)*(yA2)+2*x*y+((3*x)/y)+((yA2)/xA2).

Choose Clarify from the Notebook; menu to remove the unnecessary 
parentheses. On the screen it appears as:

,— , 3 2 8 *  V2
Q *  =  %ry*+2 xy  + —

y x
Select the whole expression to the right of the equal sign (drag or 
double click a “+”) and perform a Collect command.

A _ +(ff5 + i)^3 + 2xzy2
L-> Z ~  1x*y
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This is a more 
direct way of 
Commuting.

More Than 
Two
Variables

Notice that it collects out a common denominator of x2y. Anything in 
the denominator of any term is collected out as a common denominator.

Also note that it arranges the numerator as a polynomial in y, even 
collecting the and 1 together as a sort of coefficient for y3. This is be
cause y is chosen as the polynomial variable. You can control this. 
Theorist takes the last variable in the first term as the polynomial 
variable:

last variable

x3y2 + 2 xy + 

first term

Let’s have Theorist consider x to be the polynomial variable in the 
assumption. Start with this again:

□  3 2 a  3  a? vz = x°y*+2xy + —  + ̂  
y x2

Select y2 as shown below and hold the 01] key (Macintosh) or IHi) key 
(Windows) as you drag the selection over to the left of the x3. (The slot 
at the equal sign highlights.)

□ ^ 3S

Drop in the y2 by releasing the mouse button.

/\ 2 3 a 3x V/\z = y‘x° +2xy + — + Ar
y x2

Select the expression to the right of the equal sign by dragging or 
double-clicking a “+”, then Collect it.

^ „ _ ( 2 / + 3 ) x 3 + g y + ; y
2ary

This time it collects terms assuming x is the polynomial variable.

Almost any expression can qualify as a polynomial, but if you have too 
many variables, Theorist can get confused. Fortunately, you can do 
things more carefully by hand. Make a new assumption and type 
(x+y)*(z+a).
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Rational
Expressions
Rational expres
sions are also 
known as rational 
functions and 
sometimes re
ferred to as ratio - 
nal fractions.

Select the whole expression and click (or choose EHpand from the 
Manipulate menu).

+y \z +a) = a x +a y +x z +y z

If you try to factor this back with Factor, you get a confusing answer. 
Instead, do this three-step process:

O Select two terms that have a common factor, like this:

Q ( x  +y Xz ) = a ar +a y -XZZSZ3
...then do a Collect.

+y Xz +cc) = a x +a y +(ar +y )z

© Select the other two terms:

+yXz + a ) = 3 3 E E H ~ ( x +y )*
...and do another Collect:

A C * +y X z  +«)  = « ( *  )+(* +y )z

© Select the expression to the right of the equal sign:

A C * +y X? + « ) = H M M H H M 3
...and do another Collect:

A C * +y Xz  +®)=C* +y +« )
A rational expression is one polynomial divided by another. Create a 
new notebook and type ((xA2)+5*x+6)/x+3. Select the whole expression 
and perform an Expand.

A ar 2+5ar +6 ^--------------- = ar +2
ar +3
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When you Expand a rational expression, Theorist tries to divide the 
polynomials using long division. In this case, it divided evenly. Change 
the 5 in the assumption to 4. Theorist automatically redoes the 
Expand.

/V X 2 + & X  +6 0 1 jA  = 3------- + x +1
x +3 x *k3

This time it does not divide out evenly and there is a remainder.

Randomly chosen rational expressions usually do not divide out evenly; 
you will have a remainder. The order of the numerator of the remain
der is always less than the order of the denominator. For instance, you 
never have a remainder that looks like this,

x2 + x + 4 
x 2 — x + 3

...because this can be divided one more step, which Theorist does for 
you.

You can reverse the long division and get back to the original rational 
expression by simply selecting the whole expression to the right of the 
equal sign and doing a Collect:

~  X +4rX  +6 _  ( X  +3)sf + X  +6 
x +3 x +3

Two Expands gives you what you started with. There are times when 
you need to break down a rational expression even further. For 
Integration and Laplace transforms you usually need to have denomi
nators that are binomials. Here is how to do it...

In a new notebook, type ((xA3)+(2*xA2)-3*x-7)/(xA2)-4 and choose 
Clarify from the Notebook menu, which gives you on the screen:

p-, 3f3 + 2x'2 -S x -1
I—I 2 AX -4

The first step is to divide it out as before by selecting the entire expres
sion and Expanding it:

A  x3 + 2 x 2 - 3 x - 7  X +  l  ~
£ -----------2— ---------- =  - T - 7 + * + 2x - 4  x —4
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Now select the denominator of the right fraction, x2 -  4, and click 
(or choose Factor from the Manipulate menu).

A x5 + 2x2 -  Sx -  7 x + i
x2-4 (st + 2 X ^ - 2 )

+ x + 2

Now select the whole right fraction and Expand. This time Theorist 
recognizes what you are trying to do and, instead of trying to divide the 
polynomials, does what is called a “partial fraction decomposition.”

A x3 + 2ar2-3*r-7
ar2- 4

1 1
+ 1 .

4 x + 2  4 x - 2
+x + 2

This is the simplest form into which Theorist can put your rational 
expression.
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Q u a d r a t ic  Eq u a t io n

This tutorial works through the classic derivation of a solution to the 
quadratic equation {ax2 + bx + c = 0). You could use the Factor manip
ulation to reach the solution directly, but this tutorial describes how to 
reach the same solution by hand.

The well-known formula:

—6 ± V&2 — 4ac 
2 a

is the solution of the quadratic equation ax 2 + bx + c = 0. Given a, b, 
and c, we will solve for x.

Make sure your new notebook’s manipulation preferences are set so 
that Auto Simplify and Auto Casing are both on. That is, both Ruto 
Simplify and Ruto Casing must be checked under the Manipulated 
Preferences submenu.

Enter the equation ax2 + bx + c = 0, using your favorite method of 
equation entry.

First select ax2 + bx + c by double-clicking an addition sign. Click 
(or choose Factor from the M anipulate menu), which gives the 
answer:

/

X +
/ t

- 4 — + 1
b ’

/

X -- L i 1 1 . - 4 ® +  1
£

\ 2 A 1  « 2 a 2
\ l a 2 a 2

a j
=  o

But that would be too easy. Delete the answer and we will derive it the 
hard way...

Select the c and choose from the pop-up sub-palette (or choose 
Moue Ouer from the Manipulate menu’s Other submenu).

A  ax2 + bx = - e

Next, we will divide both sides of the equation by a . Make sure the 
whole equation is selected and click K|h (or choose Rpply from the 
Manipulate menu), which selects both sides of the equation
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Typing hint: 
(b/(2*a))A2.

• j  Siindependently. Choose from the a+b pop-up to make fractions, then 
click on a  from the variables palette or type a from the keyboard.

A
a x +  bx - e

a a
Click on the equal sign in the equation (don’t be alarmed by the beep,
which signals the end of the Apply) and click (or choose Etfpand 
from the Manipulate menu).

r ,  boC 2 CA —  +x= —a a
We want to make the expression on the left of the equal sign into a 
perfect square. The missing term is the square of half of 6/a, which is

(£f-
Let’s add this term to both sides of the equation. With the equation 
selected, click KIX (or choose Apply from the Manipulate menu). 
Choose a+b from the a+b pop-up sub-palette, or type +. Enter the term

( ^ a )  a n d  y o u  g e t:

A f b x  2 — + ar
a

( b

2a
- -  c + 

a
( b

2a
Next, select everything on the left side of the equal sign and perform an 
Expand.

n hoc 2 1 -A - + *  o =i £

a
(b_
2a

\2

Now, create a new assumption. Enter the following, using your favorite 
method of equation entry.

□ X +
2a
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At this point, 
make sure Auto 
Casing is on.

A
Select it and Expand.

X + ----
2C5;

1

Click on the equal sign to select the equation. Hold the 0 0  key 
(Macintosh) or O  key (Windows) as you drag it over the left-hand side 
of the previous conclusion, like so:

A bx 2 1 b —  + x + ± —
-  V

...

a )

Then release the mouse button to Substitute it.

|V> " e

a {2a)

Select x and click (or choose Isolate from the Manipulate menu).

o

As you can see, Theorist saw there were both positive and negative 
square roots, so it put them in separate theories. Theorist only does 
this when its Auto Casing option is on.

Although the answers are in acceptable forms, we want to put them 
into the form we are familiar with. Let’s start working with the left 
case theory. Select everything inside the radical sign then perform an 
Expand.

lb  
2 a

With the inside of the radical selected, click 
the Manipulate menu).

(or choose Collect from

A *  =
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Select the entire expression to the right of the equal sign and do an 
Expand.

A „ _ l«Jb2-4ac lb 
1̂ 2 a

Then, with the right side selected, perform a Collect.

A l J b 2-&ac-b
—

Select the whole numerator and choose from the pop-up sub
palette (or choose Commute from the Manipulate menu’s Other 
submenu), which gives us our final answer.

A l - b + J b 2-Aac
A *  = 5  \ -----------------
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R o o t s  o f  Po l y n o m ia l s

From now on in 
this tutorial, use 
your favorite 
method of equa
tion entry and 
editing.

Remember: 
Expressions have 
zeros, equations 
have roots.

This tutorial describes how to find the roots of polynomials and de
scribes the difference between expressions (which have zeros) and 
equations (which have roots). The tutorial also describes:

• How to create a graph of a polynomial to see its roots
• Using the Factor manipulation
• Using the UnCalculate manipulation to dispense with round-off 

errors

An expression is a group of symbols that evaluate to a number, matrix, 
or operator. An equation consists of two expressions connected by an 
equal sign. (Remember this distinction.)

One common task in mathematics is to find the value (or values) of x 
that makes a given equation true. These are the ‘roots’ of the equation.

Enter the equation x2 +1 = 2x using your favorite entry method.

Choose Clarify from the Notebook menu to clean up any unnecessary 
parentheses. This gives you on your screen:

Q  X2 +  1 = 2 x

Select the 2x and choose from the pop-up (or choose Moue 
Ouer from the Manipulate menu’s Other submenu). Or, you can 
simply hold the UD key (Macintosh) or Hi] key (Windows) as you drag it 
to the other side of the equal sign.

X2 -  2X  + 1 = 0 MoozOver

You can see that the roots of x2 +1 = 2x are the same values that make
the expression x2 -  2x + 1 go to zero. These values are called the ‘zeros’ 
of the expression.

You can multiply polynomials together to get other polynomials. Make 
a new proposition and enter the expression:

Algebra 153



Exercise

Select the whole expression and click P> (or choose EHpand from the 
Manipulate menu).

^ ( t t -  i)(3C-  1) = 3f2-23f +  1

Whenever you multiply two binomials, you get a quadratic. In fact, 
whenever you multiply an M-order polynomial by an N-order 
polynomial, you get an (M + N)-order polynomial.

Find out what you end up with when you raise an M-order polynomial 
to the Nth power. Try Expanding (x3 + l ) 5.

One way to think of polynomials is to factor them into binomials which, 
when multiplied together and expanded out, equal your polynomial. 
For example, x2- 2 x  + l  could be thought of as (x -  1)(jc -  1) or [x -  l ) 2.

An interesting side effect of this scheme is that the factors (the 
binomials from above) tell you of the zeros of the polynomial. For 
example, create a new proposition and then enter the equation:

□  ?  = (a r - l) (* + 2 )(a :-3 )

Take a look at the equation. If x = 1, y goes to zero. The same is true if 
x = -2  or if x = 3. Everywhere else y is not zero. Select the expression 
to the right of the equal sign and Expand.

Graph the equation (by clicking or choosing G r a p h = f (H)► 
Linear) to show where the roots are. (You may have to do some 
maneuvering with the Knife, Rocketship, and hand.) Notice the three 
zero crossings.
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Factor
Manipulation

The Fundamental Theorem of Algebra says an N-order polynomial has 
N roots. Some roots might be complex. Some might be repeated. In 
fact, if all the coefficients are real, then the complex roots will come in 
complex conjugate pairs. For instance, the factors of x 3 -  x 2 + x -  1 are 
(x + i ) (x - i ) (x — 1).

The task of finding roots and factors of polynomials has been plaguing 
mankind since the time of the Greek mathematicians. In fact it is not 
always possible to find a root in the form that you want, especially for 
large polynomials, or those with multiple variables. We will explore a 
variety of methods of finding roots. Fortunately, Theorist has many 
such tools available.

In many cases, the fastest way to factor a polynomial is to use the 
Factor manipulation. In the equation:

^  y = a:3 -  2ar2 -  + 6

...select the expression to the right of the equal sign (remember that 
you can just double-click on the “+”). Click (or choose Factor from 
the Manipulate menu).

At this point you will likely encounter the following dialog:

Big Enpand?

-& 3 f-2 a :2 +3f3 + 6

Theorist is about to process this enpression. It may 
take a long time and/or groin to be uery large. Rre 
you sure you want to do it?

□  Don’t Rsk Rgain
(Check here so that this 
answer will be used in all 
such future situations.)

Ves, go ahead

do it Numerically

No, not this time

You can just accept the default to continue. (See the Theorist Reference 
Manual for details about this dialog.) Theorist works at it and then 
gives your answer.

Q y  = (tf -  3)(of + 2)(x -  1) Factor
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In some cases, your answer does not come out as cleanly. Change the 5 
in the first conclusion to 2, which makes a new assumption:

Q  y = af3 -  2ar2 -  2x + 6

Choose Make Working Stmt from the Notebook menu. The old 
working statement for y automatically turns off. Have a look at the 
graph.

Notice that the graph no longer crosses zero in three places, just one. 
Changing the 5 to 2 raises the valley so it no longer dips below zero. 
The two roots look like they disappeared; in reality, they are on the 
complex plane. We will find them algebraically.

Now, in the working statement, select the expression to the right of the 
equal sign and Factor it. When the dialog appears, click the Yes 
button. It takes a while and produces a large answer.

A  y =

1 1 

, _ . j 3 + k o 3 ,
3 3 3

ar+T-1003 + r l 0 3-| Facto?

By clicking Yes, we asked for the exact, analytical answer. If our 
polynomial had something other than numbers for coefficients, the 
result might be more useful.

Do this Factor over again, but when the dialog comes up, this time click 
on the button for a numerical answer, which gives us an answer we can 
use.

£ >  y = 0  + i. 5987) (x  -  i . 7993+  0 .7  1 7 9 8 ;)(x  + ..........)
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UnCalculate
Manipulation

These roots seem unrelated to the original ones; two of them are com
plex. Most roots of randomly chosen polynomials are like these. You 
can verify that these are, in fact, the correct roots. Simply do an 
Expand of the right side (which you probably have selected).

Theorist can factor some rather large polynomials. Select the “6” in 
your polynomial and type +xA6 so you get:

Q  y -  x'3 -  2x'2 -  2x + 6 + 15

Then, try to Factor the right side. (You have to do it; do not rely on 
Theorist to remanipulate it.)

£  y = (x -  0.16923+ 1.492;)(x -  0.16923-1.492;).......

Note that in this case, Theorist does not ask you whether you want to 
factor it numerically; there is no choice. If your polynomial is cubic or 
quartic, Theorist uses the cubic formula or the quartic formula. 
Discovered during the Renaissance, these formulas always work, and 
the answer will always be exact, although it may be large and complex 
(like our answer with cube roots, above) and Theorist may take a long 
time to derive it.

If  your polynomial has numerical coefficients, Theorist can find the 
roots using a numerical algorithm, even if the polynomial is larger than 
a quartic. The result, though, is not entirely exact, as we shall see. 
Expand this polynomial again to see if you get the original back, as you 
did before:

Qy = ar6-i.5282xlCT133ir5 + 3f3-23(r2-8.88iSxlO"163ar-2ac + 6

Note that it is not the same; there are several new terms. All of these 
are very small, in scientific notation. Many are imaginary. What hap
pened was that the roots were computed to about the maximum 15 
digits of precision available in Theorist. (The last few digits of a root 
Eire extremely hard to find). When you multiply them all back together, 
all of the coefficients that are supposed to be zero end up being close to 
zero, meaning they end up being ugly tiny numbers like you see here. 
If you set Theorist’s display precision to 15 digits, you will see even the 
“good” numbers have some rough edges due to round-off error.

Theorist has a manipulation to patch this up. Keeping your current se-
laaal

lection, choose |s£s| from the palette’s pop-up sub-palette (or choose 
UnCalculate from the Manipulate menu’s other submenu). You get 
your original polynomial.

Q y  = ff6 + x'3 -  2x2 -  2x + 6 wtcfcie
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UnCalculate examines all of the numbers in the expression and tries to 
figure out what they “should” be. Numbers that are close to integers, or 
to certain rational numbers, are made exact integers or rationals. 
UnCalculate also recognizes some square roots and other forms. (See 
the Theorist Reference Manual for more details on UnCalculate.)

Note that UnCalculate will actually change the value of the expression 
slightly. You should be careful when using it. There are some situ
ations where it is not appropriate to use it. Take for instance this ex
pression expanded out:

£  (x -  lxlO'5)5 = X 5 -  5xl0~5x 4+ 1 x 1 0 ' 9 x 3 - ..........

If  you UnCalculate it, Theorist looks at the very small coefficients and 
assumes they are supposed to be zero, and produces this result:

Q  ( x -  lxlO”0)5 = x 5-  5xl0_5x 4+ lx l0 _9x 3

All of the extra terms are lost. If jc is of the order of lO-6, then this is not 
an appropriate thing to do, as these lost terms were significant and 
about half of the significant terms in the polynomial were lost. You 
must use good judgment when using the UnCalculate manipulation.
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N o n l in e a r  System

This tutorial describes how to work with nonlinear systems that include 
the product of independent variables. The trick is to treat these prod
ucts, temporarily, as single variables. The tutorial provides several ex
amples of the Substitute, Collect, Isolate, and Simplify manipulations.

In a new notebook, enter the following equations:

Qsrjr +yz-zx  = a 
Qary -yz+zx -  b 
f j  -xy  +yz+zx = c

(Remember that xy means the variables x and y are multiplied together. 
If you fail to enter the multiplication symbol, you get non-italicized xy, 
which is a single name and will cause this tutorial to fail.) Open the 
notebook’s Declarations and change the name declarations for a, b, and 
c from constants to variables. Make sure the Ruto Casing option is 
not checked—that is, o f f—under the M anipulate>Preferences  
submenu.

You need to solve for x, y, and z . The usual strategy is to take an equa
tion, solve for a variable, then plug that substitution into the other 
equations. If you do that here you quickly end up with a mess.

With that in mind, modify your original strategy slightly: pretend that 
xy, yz, and zx are all variables, and solve for them first. This gives you 
another three equations in three unknowns; apply the strategy again to 
solve them and get the final answer.

Start by isolating xy from the first equation, then take that answer and 
Substitute it into the other two equations.

Q  xy +yz-zx  = a 
Q x y  =a + xz-yz  

O  xy - yz+zx = b 
Q  a + 2xz-2yz = b 

□  -xy  +yz+zx = c 
Q - a  + 2yz = c
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To make the notebook easier to follow, take the conclusions and arrange 
them as shown:

A  xy = a + xz-yz
(\̂  a + 2xz-2yz = b skfefcfw**
Q - a + 2 y z - c .  Write##*#*

Now, with the last two equations, you have two equations in two 
unknowns. In fact you are lucky here because the last equation solves 
immediately for yz. Isolate yz from the - a  + 2yz = c equation now.

£ y y z  =  i(ce + e)

Now take the yz equation and substitute it into the middle equation, 
which gives you:

A  -  e + 2xz = b

Get a solution for xz by isolating it:

[\ x z  = +e) ******
L.

.. .and substitute the xz equation into the x y - a  + x z -  yz equation:

xy -  -(& +c) + a-yz

Into that, substitute the yz equation and Expand the result.

A  *y  = \ a + \b

The difficult part is done. To make it pretty, Collect everything to the 
right of the equal sign.

Q x y  =  i ( a  +  6 )
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Here then are the (rearranged) three equations in three unknowns:

Q x y  = l-(a + b)

& y z  = 1-(a+c) 

Q x  z = l(b+e)

(You can drag them around to position them as above for the next 
steps.)

Start solving for x, y, and z. Isolate x from the xy equation.

Substitute it into the xz equation.

^  1 (ft + b)z _ 1^  + ̂  Substitute

Next, Isolate y from the yz equation,

C y y = \ —

...and Substitute it into the previous equation.

A  ( «  + b )sr _  I f .  V Sut&t&ide
0  CC+C 2 *

Now, solve for z by isolating it from the previous equation.

l(0G + cX &  + e ) Isolate
a + b

Substitute the z equation into the equation for y.

& y = k « +  e )— p — L = =  * * * *
£ n[a+c\b + c)

2 a + b
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/\ y  -  l V ^ / a  +  f i ^ a + e

2 * [ b + c

Take that and substitute it into the equation for x.

£ x  =  i _ & [ a ± b J
2 s j a  +  c

If you Expand the square root in the z equation, you can see the 
symmetry.

A  T  -  l 4 ^ ' J a  +  b ' J b + C
2 ^ a + c

n y  _  l ^ j a T b J

2 V6+e

°  2 f i T t b

Expand the square root, then Simplify the whole thing.
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One
Equation

So l v in g  N o n l in e a r  Eq u a t io n s

In this tutorial, we will be using some of the rules and trigonometric 
identities defined in the New Notebook to work with more complicated 
nonlinear systems. The tutorial also describes:

• Using the Auto Casing option to see all solutions to a problem
• Using the Apply manipulation to change the appearance of an 

expression
• Using the Transform manipulation to execute a rule
• Using the Find Root command to calculate an apparent root 

shown in a graph
• Working with multiple nonlinear equations
• Creating Zero Contour plots as a technique for solving multiple 

nonlinear equations

Previous tutorials showed you how to solve one or more equations of the 
following forms:

O an equation that has one occurrence of x (just isolate x)
© an equation of the form polynomial = 0 (factor the polynomial;

gives multiple answers)
© a set of linear equations (isolate and substitute, or make a matrix 

equation)
© a set of nonlinear equations with a pattern

This chapter is concerned with “other” equations or sets of equations. 
In general, this problem is more difficult because there are so many 
kinds of problems that need to be solved. Let’s start with one equation.

(Throughout this discussion, we will assume that you are trying to solve 
for the variable x, or for the variables x, y, z, a, b, ...)

Enter the following:

□  z 2 = 3 3 8 9

Isolate x to get:

Q x  =  ^ 3 3 8 9  * < * * *
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Calculate the square root to get:

Auto Casing 
should be left on.

Q x  = 5 3 .2 1 5

It is usually best to get an algebraic solution. Not only do you get an 
exact answer, but you get an answer from which you can gain more 
insight.

Delete the two conclusions (to avoid tainting the next thing we are 
going to do). Turn on Auto Casing and Isolate again to get:

Q | <̂ y = 1/ 3 3 8 9  | Q | ^ y  = - ^ 3 3 8 9

Many equations have more than one solution. Theorist can frequently 
give you all of the solutions, if it is a simple algebraic situation like this.

The reason you had to delete the old answer is Theorist feels around for 
some insight about the variable x before it goes ahead and makes 
multiple cases. If it finds a working definition like “x = positive 
number” or “x > non-negative number”, then Theorist will assume x is 
positive and the negative case is not applicable, so it will only generate 
one case, even if Auto Casing is on.

Delete the assumption and case theories. Enter:

□  0 .6 6 7 4 4  = e01ll™ sin (33.2a:)

Isolate x. You get two cases, one for the uphill side of the sine, and one 
for the downhill side (which is negated and offset by rc).

= 0 .0 3 0 1 2
f
27tK107 + arcsin 0 66744  1

V

e0 JQ17 4

o
x  = 0 .0 3 0 1 2

f
27iK106- a r c s in

i
0 66744 + 71
' ‘ "gO J0174

The two constants n106 and nm  are arbitrary integers. In other words, 
each case represents a countable infinity of solutions. (An arbitrary in
teger represents a countable infinity, because you can count them. An 
arbitrary real number represents an uncountable infinity of solutions.)

If your equation has more than one occurrence of x, try to get to one oc
currence by using some algebra.
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Theorist uses 
transformation 
rules previously 
set up in the New 
Notebook.

Delete the assumption and case theories. Enter the following.

Q  sin(2a:) = tan(ar)

Select the equation and click (or choose Apply from the 
Manipulate menu). Click Q  (or choose Transform  from the 
Manipulate menu). Since the notebook has more than one rule which 
matches, a dialog asks you to choose a form for the result.

sin(23f)

This expression can transform into more than one possible result. 
Please click on the desired result:

csc(2ar) 

2cos(a:)sin(x),

cos([2- i]3c)sin(x)+ cos(ar)sin([2- l]x)

More,,, Back,.,
““"'1 f

Cancel
—

U A L

Click the 2 cosOe) sinGr) transformation result.

^ 2 c o < 3 f ) s in ( a r )  =  ^ ^

Turn off Auto Casing so the next few steps will be easier. Move the sine 
on the left to the right, then move the cosine on the right to the left, so 
you get this:

Q  2(cos[arjf = 1

Then, solve for x by isolating.

If you turn on Auto Casing, you will get many more solutions. For 
instance, x = 0 is a solution, and the solutions repeat, as you would
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expect trig functions to do. (Many other symbolic algebra programs 
actually fail to give all of the answers for this equation.)

When Theorist 
gets around to 
declaring "zero" 
call it a variable.

In the event that your equation is not so fortunate that you can move 
the rr’s together, you can use the numerical root finder in Theorist. This 
situation comes up a lot in real life; the problems that you are given in 
math books (and tutorials like this) tend to be “easy” to solve.

Enter:

□  iff+ 0.1 = sin(ff)

Our first step is to convert the equation to the form “0 = everything 
else,” so select the left-hand side of the equation and move it over to the 
right.

^  0 = sin(ff)- iff -  0.1

Next, change the “0” to “zero”.

□  zero = sin (ff)-iff-0.1

Now, click (or choose Graph^y = f(H)^Unear) to see what this 
looks like. Our job, now, is to make zero be equal to 0, so when we look 
at the graph, we are interested in the zero crossings.
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Well, we can see three roots here. Let’s zoom out to see if there are 
more. Click on the Rocketship icon three times and we can see that 
there’s potential for a few more roots.

In the book 
Numerical 
Recipes (Press, 
Flannery, Teuk- 
olsky and Vetter - 
ling, Cambridge 
University Press), 
the authors even 
go so far as to 
supply a routine to 
draw a crude as- 
terisk-plot of the 
function you are 
working with, just 
so you can see 
what you are do
ing and avoid en
trusting your Ph.D 
thesis to a simple- 
minded blind al
gorithm. Using 
Theorist is much 
easier.

Besides the original three, the curve looks like it dips just below zero on 
the left, and it almost reaches above zero on the right. With the Knife 
and Rocketship you can explore these and verify for yourself that at -8  
or so it crosses twice, and at 8 it never quite crosses.

This curve demonstrates some classical pitfalls of the routine practice of 
having a blind computational algorithm finding one or more roots for 
you: there may be more than one; there may be “almost” roots (as in 
this case, near 8); the roots may be closely spaced and look like they 
are “almost” roots (as in this case, near -8), or there may be valleys that 
can lead your root-finding program on a wild goose chase.

We can find the left-most root by zooming in on it with the knife. Do so. 
From what we can see in this view, it looks to be about —8.25:

We could continue to slice with the knife so that we get more and more 
digits of precision. With practice, you can get about one more digit of 
precision with each slice. Not only is this tedious, but you will find that
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the graphing system breaks down at a certain point due to lack of preci
sion.

...we can choose Find Graph Root from the Manipulate menu, which 
calculates the root to the fall 14 or 15 digits of accuracy:

P i g *  = -8 .2328  
□  zero = 8.3267xlCT17

The first equation gives us a value of x  The second gives us a value of 
“zero” at that point, which should be close to zero. (Even though only 
five digits are shown here, all 15 digits in these numbers are available 
by changing the display precision from the Notebook menu. The root 
finding algorithm attempts to calculate an answer that is accurate to 
the full precision.)

A better approach is to use the Find Graph Root command. Once we 
have isolated the zero crossing with another knife stroke,

mo4 --

-0.02 - -  
zero 
-0.04 --

Theorist puts the solution into a case theory because the situation 
where x is this value is not the whole of our work (for instance, we want 
to consider other roots at other values of x). You can continue any 
derivation you need to do with that root in its case theory.

By repeating this process, we can find all of the other roots to great pre
cision.

When using this technique, you have the freedom to arrange the equa
tion that you use to draw the graph a little differently. For instance, if 
you needed to solve Vx=x,  the obvious thing is to turn it into 
0 = -  1/x + x . By moving things around a bit first, you can arrive at 
l = x 2 and then 0 = x 2- l .  Both equations have zeros at the same 
places, and perhaps the second one is easier to deal with because there 
is no singularity at x = 0.
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Multiple
Equations

Make sure the 
Auto Casing 
preference is off.

Solving multiple equations may be more difficult than a single equa
tion. Some of the other tutorials have shown some tricks you can use 
for certain types of equations:

O If the equations are all linear, make it a matrix equation.
© If the equations have some special symmetry, you can exploit 

that.

In the usual case, though, there are few tricks you can pull. The stan
dard algorithm for solving N  equations in N  unknowns is an extension 
of what you saw in solving two equations in two unknowns:

© Algebraically eliminate one variable. Usually you end up solving 
one of the equations for a variable, “variable = other stuff”, then 
plugging the other stuff in for the variable in all of the other 
equations. You now have N — 1 equations in N  — 1 unknowns.

© Solve the N  -  1 equation system. (This is a recursive algorithm.) 
© Plug the N  — 1 values for the other variables into your equation 

“variable = other stuff”, and get a value for this variable.

Here’s a simple demonstration of that procedure. In a new notebook, 
enter the following system.

xyz = - 6

X =  -y-2 s  

x +y +z = - 4

First, let’s eliminate one variable, x, and one equation, the first equa
tion. Solve for x in the first equation.

A  X = -  6 ----------  Isolate
y Z

Then, Substitute that value of x into the other two equations. Each 
equation turns into a new equation, and the two of them together con
stitute the new system of two equations in two unknowns.

0  _  — _  2 ^  v  Substitute
y z

0  =  _ 4  Substitute
y Z

A -
A -

□□□
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A -
Which unites the two y’s into y2.

— g  — _  2 z  y  M c v n O w r

We then solve for y:

A y  Js5“ 4

Substitute that answer for y into the other equation, like so:

Drag the y j  from the left side over to the right side of the equation:

- 6 *  + ^ + 2 :  = - 4

This results in an unsightly equation.

- Z

Take the left side and move it to the right side to put it in the proper 
form:

-Z2
0 _ ____ _2f —4  MoozOver
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Exercise

Type zero in place of the 0, and draw a graph. By using the Rocketship 
and knife and then using the Find Graph Root command, we can find a 
root near 7.3:

O j Q z  = 7 .2 9 6 1  

□  zero = i .7 7 6 4 x ltT 15

We take this value of z, and substitute it into our equation for y.

f S T

Calculate the right side to a number.

Q y  = 0 .0 7 2 3 3 7

Now that we have values for y and z, we can substitute them into the 
equation for x, the first conclusion we derived.

Q x  = - 1 1 . 3 6 8

Substitute these values into the three original equations and verify that 
they work.

Sometimes life is not so easy. In the last example, the whole process of 
finding the solution amounted to repeatedly solving equations for one 
variable in terms of other variables. Depending on the equations you 
have, this may be easy, difficult, or impossible. The algorithm is flexi
ble in that it does not dictate which variable to eliminate with which 
equation; you have the freedom to choose the variable and equation
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that you eliminate at each step to make your work easier (or to make it 
possible, as the case may be).

Sometimes life still isn’t so easy! Usually you get to a place where you 
have M equations in M unknowns and none of them can be alge
braically solved for one of the variables because they are just too inter
twined. If you are left with two equations in two unknowns, there is 
another solution: you can use the two dimensional root finder in 
Theorist.

Let’s work with two equations from the previous derivation. Copy and 
paste each into a new notebook.

- 6 —  = - 2 z y  
y Z

( ] - 6 —3— +y +z = -4  
y z

We’ll start by getting a graph that shows both of the equations as zero- 
contour plots.

Take the first of these equations, and move the Vyz to the other side of 
the equation.

/\ — 6 — —2z y Ẑ McveOver

The reason for this is infinities bother contour plots, so we try to 
eliminate reciprocals as much as possible. With the cursor still in this 
equation, choose f(H,y) = g(H,y) Implicit from the Graph menu’s 
Other submenu. When the dialog comes up, change the axis variables 
to y and z. This makes a special contour graph showing where our 
expression goes to zero.
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Note we are not looking for a zero crossing here. This line shows all of 
the (y, z ) combinations where the first equation is satisfied. Of course, 
this is not enough; we want both equations satisfied at once.

Next, we will add in a zero contour for the other equation. Isolate the 
reciprocal on one side of the equation.

A 6 -1  = y  + z  +4 JsoZa** 
yz

Then, move the 1/yZ to the other side, as you did with the first equation.

A  6 = (y + Z  +4)yz M cvzOver

Move the 6 over.

A  0 = (y + Z  + 4 ) y z - 6 M bveOver

Select 0 and type zero.

Q  sero =(y +z+4:)yz-G
Clarify and declare zero as a variable. With the cursor still in this 
equation, choose Add Contour Plot from the Graph menu’s 
Additional submenu. When the axis variables dialog comes up, make 
sure y and z are selected in the same order as before (this is to make 
sure that both contour plots are plotting y against y  and z against z, 
instead of y  against z ) and use zero for the A axis. This makes the 
graph look like a mess.
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A contour plot 
only a mother 
could love. The 
reason it is so ugly 
is explained be
low. In fact, your 
graph may not 
even look like 
this. You can try 
increasing the 
graph's accuracy 
to improve its 
looks.

Open the graph details and locate this added contour plot. (It will be at 
the bottom.) Change it so it says “at zero only” instead of “normally”.

jSHiContours at ( y yz ) where y  = le f t ... rightand2r = bottom... top; 
[ at aero only ^  | spaced contours of zero.

The graph becomes more simple.

Now we have the graph the way we want it: each line shows where one 
or the other equation is satisfied. All we have to do is find intersection 
points. Two directions look promising: one is above and to the right; 
the other becomes apparent far to the left sifter zooming out two steps.

It also reveals some limitations of contour plots. The contour plot has 
to evaluate its function over the entire plane. This is slow. It partially 
compensates for this by sampling a sparse mesh of points and doing lin
ear interpolation to find the zeros. Sometimes a linear approximation 
is poor, as you can see in this graph. There are two solutions to this 
problem:

O Increase accuracy. The default breaks up the graph area into 64 
rectangles, evaluating the function at the 81 comers. Each click
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on the dense mesh button doubles the mesh density in each 
direction. A side effect is that this slows down the graphics by a 
factor of 4.

© Zoom in, carefully, to the points of interest to see what is really 
going on there. Do not zoom in too fast; you can’t see where to 
zoom into very accurately. Two lines that pass close to each other 
may intersect if you zoom in closer.

Let’s start by exploring the upper intersection. With the knife, zoom in 
on the upper middle of the graph, about a quarter or an eighth of the 
whole area. Keep slicing in with the knife. You may have to retreat 
once or twice if you try to zoom in too much in one step. What you see 
will be very jagged and intersection points will come and go. It’s best to 
think of your task this way: you are eliminating the area of the graph 
that you know does not have the intersection in it.

Keep going until you have a clear intersection point like this:

At this point, choose Find Graph Root from the Manipulate menu.

Q | Q ) y  = 0 .0 7  2 3 3 7
□  *  = 7 .2 9 6 1

As in the case of the one-dimensional root, Theorist attempts to calcu
late the answer to full precision. Note that this is the same solution 
found the last time. By plugging these into the equation for x, you can 
find that, too.
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G r o u p  T h eo r y

This tutorial introduces the basic definitions of a group and describes:

• Creating a group of three non-commutative elements
• Using Transformation rules to explore permutation groups

Group theory is a branch of mathematics concerned with multiplying 
abstract objects together to make other abstract objects. The objects, 
called elements, can be numbers, vectors, matrices, differential opera
tors, or rotation operators. The “multiplication” can be anything that 
vaguely resembles multiplication. For instance, addition over integers 
modulus 7 constitutes a group where the integers mod 7 are the 
elements and addition is the operation. Group theory is not concerned 
so much with the mechanics inside the elements and how the “multiply” 
operation is done, but is concerned more with how the elements operate 
on each other and the properties of the group of elements as a whole.

The minimum requirements for a group are that you have unique ele
ments (at least two) and an operation. The operation must have:

O Closure—if you operate on any two elements in the group, the 
result has to be in the group, too.

© Associativity—a (be) = (ab)c.
© Identity—there must be one element like 1 where 1 operated on a  

equals a  for alia.
O Inverse—for every element, there must be an inverse element in 

the group (which may be itself). That is, when the element is 
operated on its inverse, or vice versa, the result is the identity 
element.

Notice that there is no rule about being commutative. By declaring op
erators to be M-Linear in Theorist, we can study group theory, because 
M-Linear operators are not necessarily commutative.

From these simple rules, a very interesting world opens up. For in
stance, there is only one unique group that has two elements in it. All 
other groups with two elements are isomorphic (i.e., they all work 
exactly the same). One representation of this group consists of the 
numbers 1 and -1  being multiplied together. 1 is the identity element 
and -1  is the other element which is its own inverse. It is like handling 
a coin: leaving the coin alone is the identity; turning it upside down is 
its own inverse.

One useful tool for thinking about groups is to make a multiplication 
table for it. This can easily be done in Theorist.
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Enter the following expression:

Group of 
Three

Be sure to type * 
or li»p°” i between 
the A and the B.

□
rn

2
3
4

(1 ,2 ,3 ,4 )

Expand it:

A
rn
2
3
4

( 1 , 2 , 3 , 4 )  =

1 2 3 4
2 4 6 8
3 6 9 12
4 8 12 16

This is a multiplication table. The top edge can be considered column 
headings as well as entries in the table for the row “1”. Similarly, the 
left edge can be considered row headings as well as entries in the table 
for column “1”. You can use this trick on any group you study in 
Theorist, or in fact any kinds of expressions that you want to make a 
multiplication table for. In this case, for instance, you can see that the 
numbers 1, 2, 3 and 4 do not constitute a group because it is not closed 
under multiplication (you get outside elements like 6 and 16).

Then, the question is, how many groups are there with three elements? 
In other words, how many different multiplication tables can you make 
out of the elements 1, A and B?

Create the following three case theories:

P ID AB = A

O lO AB = B

p i o AB = i

Clarify the notebook and declare A and B  both as M-Linear operators. 
We will now try to work out as many multiplication tables as we can 
without contradiction.

We will start by deriving what AB  is. In the first case there is some 
element, A-1, that is the inverse of A. We will apply that onto the front
of the first equation, AB = A. Select the whole equation. Click XiX (or 
choose flppiy from the Manipulate menu), then press the left arrow 
key 0 ,  then type ll*p°«l AA-1. You get:
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= A _1A

To make the three 
cases within the 
existing case the
ory, first create the 
assumptions, then 
surround each 
with the Case 
Theory command.

Now, select it and Simplify it. Theorist neutralizes the A’s and yields:

A -5  = 1

This is a contradiction. If it were true, then there would be only two 
elements in the group, and we would not have a three element group.

There is an easier way to do this. Grab the A on the left side of the first 
equation and move it over to the other side. Theorist gives you the 
same result, because it internally uses the same operations to produce 
that result.

Delete this case theory because we know it cannot be true.

By sight, we can see the same thing will happen with the second case. 
If  you see fit, you can go through the motions to convince yourself, this 
time moving B  over. Delete this case theory also because we know it 
cannot be true.

So we are stuck with the last case. Given that it must be true (or else it 
is impossible to have a group with three elements), let’s derive some 
other facts about it. Isolate A to get the following.

A A =-B ' 1
We can also Isolate B  to get the following.

A S=A_1
Now we have to figure out what AA, or A2, is. In the existing case 
theory, make three additional cases for the three possibilities.

y 0 A 3  = i 
AA=5"1 

As =A_1
PCDA-A = 1

no □ A =B
OnA-A -  A
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You could substi
tute into the right 
B, which results in 
BB = BA2, which 
is the same an
swer in a different 
form.

Let’s start with the equation AA m A. Move an A over from the left to 
the right side. This yields a contradiction.

A A  =  i

Therefore, the conjecture AA = A is wrong. Delete its case theory.

By moving over A in the AA = 1 trial theory, and substituting in 
B  = A to change A-1 into B, we can see it is also wrong.

A A = *

Delete this theory too. Substitute B = A into AA = B  and Simplify.

£ A A  = A -1 

A  A2 = A ” *

Then Substitute B  = A-1 into A-1.

A  A 2 = 3

Copy the remaining equations out of the case theories and paste them 
into the main part of the notebook, then delete the case theories.

From these equations, we can derive equations for B2 and BA that 
equate them to individual elements of the group. Start by creating the 
following new assumption.

Q S  A

Substitute B  = A-1 into it, which gives us our answer for BA.

& B A  = 1

Create a new assumption for BB.

O BB
Take A2 = B  and substitute it into the left of the two B ’s, which gives 
you:

Q B B  =A2B
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Take B  = A 1 and substitute it into the B  of the right-hand side of the 
above equation. Simplify the result.

Exercise

Permutation
Groups

A  b 2 = a

Now we have enough information to make our multiplication table. 
Select the four equations for A2, BP, AB and BA en masse by Shift- 
clicking their equals signs, then choose Transform Rule from the 
Notebook menu’s Insert submenu. New transformation rule propo
sitions appear below each equation. Change each rule’s pop-up menu to 
“Simplify.”

----------------  p
Upon Sim plify transform  A  into B  .

-----------------------  ft
Upon Sim plify transform  B  into A  . 

transform  B  A  into 1 . 

transform  A  B  into 1 .

Upon Sim plify

Upon Simplify

Next, enter the following expression.

f  i□
Expand it to get your multiplication table:

A 1 1 ' 1  A S '
A ( 1 ,A ,S )  = A S  1

l a  J la  i a  J
This describes the one unique group that has three elements, because 
there Eire no other possibilities.

Determine how mEiny groups there sire with four elements.

Among the most interesting kinds of groups are permutation groups. A 
permutation is a rearrangement of elements. For instance, if we think 
about a list of three numbers (1, 2, 3), there are six different ways to ar
range them. We can imagine each such list as an operator, rearranging 
the elements of another list according to its own number order. For in
stance, the operator (3, 2, 1) would turn all the elements backwards, so 
(3, 2,1X1, 3, 2) would be (2, 3,1).
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That's six semi
colons ; and six 
commas,

The identity element in this group would be (1, 2, 3). There are all sorts 
of little subgroups, too. For instance, the element (1, 3, 2) will simply 
interchange the last two elements, so it is its own inverse.

In a new notebook, make a rule to calculate the multiplication.

Upon Simplify -y | transform(7?; ,*7\ into

With this transformation rule, two lists (row vectors) of integers multi
plied together turn into the result that you would get if  you permuted 
them according to our guidelines. If this is applied to several lists mul
tiplied together, the permutations of integers multiply against each 
other and eventually reduce down to a single list of three.

We can do this only because Theorist does not have any built-in way of 
processing row vectors that are multiplied. A row vector and a column 
vector are a different story, because matrix multiplication might hap
pen, but that is not important for what we want to do.

Try it out by creating a new assumption and typing (3,2,1)(1,3,2) then 
Simplifying it.

£>(3,2,1X1,3,2) =(2.3,1)

A problem occurs when you try to operate two identical lists together. 
Make a new assumption and type (3,2,1)(3,2,1) then Simplify it.

£ ( 3 ,2 , lX 3 ,2 , l ) = (3 ,2 , l )P

In this case, Theorist is being too smart for its own good. We can work 
around this by including a power law which handles all powers itera
tively. The easiest way to make it is to copy and paste the previous rule 
and modify it so our new rule is as follows.

Upon Simplify | transform f 8 ,55 ,53 .^  into

{S.aa,jaf'1]a.[{S)aa,fflf'1]aa,[{S.aa.a}s ' 1]i3 \

Now, we can go back and simplify the square we had:

£ (3 ,2 ,1 X 3 ,2 ,1 )  =(1,2,3)

Now, let’s make a multiplication table for this. Make a new assumption 
and type (;;;;;;)(„„„). Select the whole product of both matrices. Click
Select In twice. Type (9,9,9), which gives you:
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□
'9,9,9])
'9,9,9]
9,9,9]
'9,9,9]
'9,9,9]
[9,9,9] J

([9 ,9 ,9 ], [9 ,9 ,9 ], [9 ,9 ,9 ], [9 ,9 ,9 ], [9 ,9 ,9 ], [9 ,9 ,9 ])

Now, we are going to change all of those 9’s to vectors. Select the six 
positions as shown:

□
0 ,9 ,9])
[9.3.9] 
[9,9,3]
[9.9.9]
[9.9.9]
[9.9.9] J

1 . 9 , 9 ] ,  [9 ,1 ,9 ], [ 9 ,9 ,0 ,  [9 ,9 ,9 ], [9 ,9 ,9 ], [9 ,9 ,9 ])

Then type 1 ED 2 ED 3. Next, select the six positions as shown:

□
f [1,2,3])

[3.1.2] 
[2,3,1] 
0,9,9] 
[9,3,9]
[9.9.3] J

([1 ,2 ,8 ], [3 ,1 ,2 ], [2 ,3 ,1 ], H, 9 ,9 ], [9 ,1 ,9 ], [ 9 ,9 ,0 )

Then, type 3 (OH 2 ED 1. Select the product of both matrices and 
Expand.

A

'[1,2,3]' /
[3,1,2]
[2,3,1]
[3,2,1]
[1,3,2]

I  [2,1,3] J \

[3,1,2] [2,3,1] [1,2,3] [1,3,2] [2,1,3] [3,2,1]
[2.3.1] [1,2,3] [3,1,2] [2,1,3] [3,2,1] [1,3,2]
[3.2.1] [2,1,3] [1,3,2] [1,2,3] [2,3,1] [3,1,2]
[1.3.2] [3,2,1] [2,1,3] [3,1,2] [1,2,3] [2,3,1]

Notice that since we put the identity element in the first position, the 
top row serves as column headings, and the left column serves as row 
headings.

Looking at this table we see four subgroups in it. The first is the upper 
left quarter of the table, a square of nine cells, whose elements are all 
the set (1, 2, 3) in various stages of rotation. This is isomorphic to the
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group of three from the last section (because it is a group with three el
ements in it).

The second group is found at the intersections of the first and fourth 
rows and columns, with the elements (1, 2, 3) and (3, 2, 1). You can 
think of this group as the one that rearranges the elements backwards 
and forwards, or you can think of it as the one that interchanges the 
first and last element. This is of course isomorphic to the simple group 
of two discussed earlier.

Similarly, the third subgroup can be seen in the first and fifth rows and 
columns, and the last subgroup can be seen in the first and last rows 
and columns. These also interchange two elements. This illustrates a 
very interesting area of group theory, the study of subgroups.

These examples have been relatively simple; most people who do group 
theory have this permutation group memorized. Group theory is used 
for a wide variety of things such as Rubik’s Cube, rotations in space, 
and in a wide variety of areas in physics concerning quantum mechan
ics and subatomic and sub-nuclear particles.
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L im its o f  F u n c t io n s

Graphical
Solution

You can use Theorist to estimate the limit of a function at a particular 
point either graphically or numerically as the following example illus
trates. In general, it is best to create a graph of the function you are 
trying to find the limits of before proceeding with numerical evalua
tions.

Below, we will examine the limit as x —> 0 of the follow in g  expression:

sin (*2)

Let us examine the expression graphically using Theorist. Type 
y=sin(xA2)/xA2.

X

Select the entire expression, then click or choose G rap h  ► 
y=f(K)FLinear. The following graph is displayed:

Examining the graph near x = 0 using the Knife tool, we can see that 
the limit might be 1. Note that even at higher resolutions, the graph 
does not show the discontinuity (“hole”) at zero (see below), which illus
trates the limits of accuracy of machine-generated graphs.
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Numerical
Solution

Type x=0, then select this equation and drag it over the 
assumption icon of the original expression.

Approximat
ing the Limit 
Numerically

M

siri
f -  e

m
f

□
Note the. question mark in the result.

Theorist returns a question mark when it is unable to calculate a value 
for an expression. To examine this behavior more closely, turn Auto 
Simplify off, then perform the same substitution again.

A  sinfc?) iSbi&stifufe

Simplify the numerator.

0
A  y = —

Simplify the denominator of this conclusion, which produces the inde
terminate form 0/0 in the final conclusion.

^  y  = -  Sim plify

Turn Auto Simplify back on.

Type llrelurnl x=0.1 to let x = 0.1. Substitute this value for x into the 
original assumption defining y.

"i" siry s t -------w )
iCH If

□ x =0.1

Select the right-hand side of the resulting expression, 

£  y  = tMMBHIMflMK

Differential Calculus 187



Exercise

...then click ||H| or choose Calculate from the Manipulate menu.

Q y  = 0 . 9 9 9 9 8  cuoeuk&

Repeat for other values of x closer to zero (e.g., 0.01, 0.001, 0.0001, etc.). 
You will see the limit approach 1 as x is made smaller.

In order to confirm that you have indeed found an approximation for 
the limit, approach zero from the other direction. Substitute x = -0.1, 
x -  -0.01, etc.
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S lo pes  a n d  T a n g e n t s

Slopes

Theorist can be used to calculate the slope m of a line tangent to the 
graph of a function f a t  a given point P(a, f(a)), using the definition of 
the derivative.

The definition for the slope, m , at x = a  is given by the following 
equation.

m = lim
h-*  0

f [ a  + h)~  f[a )  
h

If the limit in this definition does not exist, the slope of the tangent line 
at P(a, f ( a )) is undefined.

Let us determine a slope of the following function at point x:

f(x) = x 2 + -̂

Using the definition for the slope and extending the example on limits 
in the previous tutorial, we can determine the slope by entering an 
expression for m into Theorist. Type lhluml m=(((x+h)A2 0  +l/(x+h))- 
(xA2 0  +l/x))/h.

[ar + k]‘ +
x + k

' 2 i 'lX +  — 
X

k

Clarify the notebook. Declare m and h as user-defined variables in the 
dialog, by clicking on the User Defined buttons in the dialogs or by 
pressing lhluml each time.

Now let’s find the slope at the point where x equals 2. First, type llr9lijrnl 
x=2, and then substitute x into the equation that defines m.

(k+2f +
k + 2  2

k
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Tangent
Lines

To perform a mul
tiple substitution, 
drag to the round
ed square icon for 
the equation state
ment.

/\ 9 1 1 fc2 + 4 f t + 4  -  ,f \ m  =  - t — + - --------—  + ------------------- Expand
2 k  ( k + 2 ) k  k

f \ m  -  - - — —  + £ + 4  E w w id  
°  2 k + 2

Because the slope formula is continuous at h=0, the limit for m can be 
calculated directly. Type h=0, and substitute it into the expression
for m. The final result is:

Expand the right side of the resulting expression twice.

15 
4

This is the slope of the line tangent to the point at which x equals 2.

Knowing the slope, we would like to find the equation of the tangent 
line passing through the point (2,/'(2)). The Point-Slope form for a line 
with a slope m through a point (jc 1} yx) is:

y - y 1 = m { x - x 1)

Using this formula, we can find an equation that describes the tangent 
line of the original function at x = 2. Type lH"ml y=xA2 0  +l/x. 
Substitute the existing value for x into the equation for y. The result is 
yi as given by the following expression:

y  — ^ O&ibst&ute

Type llrei"™l y-9/2 0  =m(x-2), the equation for the tangent line. Then 
substitute the previous equation for m into the equation for the tangent 
line.

=  t O - 2 )

Solve this equation for y by selecting y, then choosing Isolate from the 
Manipulate menu. Expand the right-hand side of the result, then 
select y on the left-hand side and type y\ This creates a new 
expression.

□  /  = T * " 3

We are now ready to graph our original function and a line tangent to it 
at x = 2. Select the original expression that defines y, then click tyc- or
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choose Graph ►y=f(H)^ Linear. Declare y' as a variable if you have not 
previously done so, and declare n predefined. Select the y' equation, 
which defines the tangent line, then choose Graph^fldditional^fldd 
Line Plot. Press l(fetwnl to accept the definitions for the axis variables. 
You may open the resulting graph’s details and change the added line 
plot style and/or color.

You may ̂ oom in on the region near x = 2 for a closer look. This is the 
only point where the graph and the curve touch.
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D eriv a tiv es

In the New Note
book, d is pre
defined as the dif
ferential operator.

Derivatives of functions may be determined two different ways in 
Theorist. The first technique uses the differential operator d, and the 
second uses the partial derivative operator. This chapter describes dif
ferentiation and a later chapter describes partial differentiation.

Let’s differentiate the following equation:

y = 3x3+2x+ sin(x)

Enter this equation by typing y=3xA3 0  +2x+sin(x):

Q  y  = 3af3 + 2 x  +  sin(3f)

Now set up a template for the derivative by pressing the llrelur°l key and 
typing (d*y)/d*x. Clarify the notebook if you wish to remove the 
parentheses.

Substituting the equation that defines y into the second statement will 
differentiate it. This produces the following conclusion:

/\  = (2dx + cosiyitf ar + 9ar2 ef i—i— substitute
t-^dx K 1 3 dx

This expression includes dx terms which will cancel out. Select the 
right-hand side and click the palette button (or choose Eupand 
from the Manipulate menu):

f\ ~L = codx) + 9X2+ 2
t - ^ d x  ^  '

This is the equation for the derivative.
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M a x im u m  a n d  M in im u m

This tutorial describes how to find the maximum value of a function by 
using the partial differential operator and includes examples of the 
Substitute and Isolate manipulations.

Type y=x*(100-2*x) to make a function ofx:

=  3 f(l0 0 -2 3 f)

You want to know at what value of x your function obtains its 
maximum or minimum and what is the maximum or minimum value of 
your function at those points.

To get a visual idea of the function, click (or choose Graphs 
y = f(H)t Linear) to create a two-dimensional graph.

The default display does not provide very much useful information. 
Click on the Rocketship button several times to zoom out and see what 
is going on.
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Typing hint for the 
next three steps: 
Derivative(x)
0  llsp°c«l y=0.

You want to find the x and y values at the peak. This is the place where 
the derivative with respect to x of y  is zero. It appears that the peak is 
near x = 20 and y = 1000.

Make a new assumption. Click ^  on the function palette. This gives 
you:

□
The highlighted question mark is your current insertion point. Type 
x  EH y=0.

Click on the equal sign in your first equation to select it.

0!
Now hold down the 0 0  key (Macintosh) or O  key (Windows) and drag

r)the highlighted equation over the y in the y = 0 expression:

u S t -....

Theorist performs the Substitute manipulation and differentiates your 
function.

Q  - 4 x  + 1 0 0  =  0  Sk&sftfw**
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For the next step you want to solve this equation. Select x and click P 
(or choose Isolate from the Manipulate menu).

Q  X =  2 5  ******

This is the point at which the derivative of y = x (100 -  2x) equals zero. 
Therefore, for x = 25, the function y reaches its maximum (as we 
suspected from the graph). To find the corresponding value of y, 
substitute x -  25 into y -  x (100 -  2x). You do this in much the same 
way as in the previous substitution, except you drag over the 
assumption icon (the square) instead of the x (because you want to 
substitute for both x’s).

This results in:

/ \ y  = 1 2 5 0
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Pa r t ia l  D iffe r e n t ia t io n

Partial derivatives of an expression may be determined by applying 
Theorist’s partial derivative operator to the expression.

If you typed it, 
there are paren
theses surround its 
question mark.

Theorist treats yas 
if it were a con - 
stant.

Let us find the partial derivative with respect to x and y of the following 
expression for z , a function of x and y :

z = x2y + cosOey)

Type z=xA2 0  y+cos(x*y). Make a new assumption by pressing |HH. 
Click the palette’s partial derivative op button, ^  , or type Partial(.

n —
Type x  to replace the selected question mark, press IS to move the cur
sor, and type z. Substitute the equation for z into this partial derivative 
expression by dragging.

x ^ - y + yox
9 

si i{x %)+ 2xy + x —y 
dx

This is probably not exactly the result you expected. There are two ex
tra differentiation terms in the result because Theorist does not assume 
x and y are independent of each other. We can specify this relationship 
by choosing Independence Decl. from the Notebook menu’s Insert 
submenu, then typing x,y .

The variables (ar,^ )are independent of each other ^  |,

Now repeat the substitution you did previously.

JN
J \ — z -  -ys ii j(xy)+2xy  

3 x
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Now let us find the partial derivative of z with respect to y. Change x to 
y in the derivative assumption you entered. Theorist automatically 
remanipulates the conclusions.

^  — z  =  -  x  s i n ( : r y )  +  x  Substitute

You have now found both partial derivatives for the function z .

Differential Calculus 197



Theorist Learning Guide



Integral Calculus

Integral Calculus 199



S im ple In d efin ite  I n teg r a ls

Constants of 
Integration

Auto Casing is off 
by default in the 
New Notebook.

This tutorial shows how Theorist can perform indefinite integration 
with and without constants of integration. Indefinite integrals are also 
called symbolic integrals, since they do not produce a numeric result.

Click the J c i  palette button and type cos(x) 023 x.

Click on the integral sign to select the expression. Click the jJjP* palette 
button (or choose Simplify from the Manipulate menu) and, after 
declaring d, you get the following conclusion:

= sir(x)

When you evaluate an indefinite integral, the result is ambiguous, since 
you could add any constant value to the expression you obtained, and 
the resulting expression would be equally correct. (You can see this for 
yourself: try taking the derivative of the sine function plus a couple of 
different constants.) It is apparent that there is an infinity of possible 
solutions, since the constant could be anything. Therefore, a symbolic 
constant is often added to the simple solution to provide a general 
solution. The usual convention is to name the constant C. Sometimes, 
the constant is a nuisance and people leave it out.

In Theorist, you can decide whether or not you want this constant to be 
generated. When the Auto Casing preference is on, Theorist generates 
an arbitrary constant when it does an integration. If Auto Casing is off, 
there will be no arbitrary constant.

For example, type E 0  $xA2 0  d E2D x, click the integral sign or the 
UJI palette button, and Simplify. With Auto Casing off you get:

\ ^ j x 2d x  

£\>j x 2dx =^xd
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Choose fluto Casing from the Manipulate menu’s Preferences sub
menu (to turn it on) and Simplify again to get:

£\>j x 2dx  = i * 3 + e100 Simply

Theorist’s default name for the constant is the letter c with a numerical 
subscript. Each time such a constant is generated by Theorist, it 
generates a new subscript for you. You can change this number, and 
you can choose a name other than c, in a special dialog. Choose 
Arbitrary Constants... from the Manipulate menu’s Preferences 
submenu. The name you choose must be declared as a constant.

\
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In t e g r a t io n  by  Pa r ts

uand v are func
tions of the same 
variable; in this 
case we'll be us
ing x.

Just don't try too 
hard because it 
can't be done.

This tutorial describes a technique for evaluating integrals using a 
powerful feature of Theorist, Integration by Parts. Integration by parts 
is used when your integrand consists of two parts multiplied together, 
and you know how to integrate one and how to differentiate the other. 
Since differentiating is usually easy, this technique is useful for 
integrals that can not be solved any other way. Integration by parts 
does not always solve your integral, since the end result includes 
another integral. The formula for the integration by parts technique 
shows this;

j  udv = u v - j  vdu

Enter the following integral by typing $(x*eAx O  *d*x):'p:2'p. Clarify 
to remove unnecessary parentheses.

P i
2 tt

xexdx
TI

Select the expression (click the integral sign or the palette button)
then click the £ 0  palette button (or choose Sim plify  from the 
Manipulate menu).

xexdx - X~2jl^jexxdx

Theorist took the limits off the integral, but could not integrate it. This 
expression is a candidate for integration by parts. First we have to 
decide which part to integrate and which part to differentiate.

The ex stays the same if we integrate it or differentiate it. The x gets 
more complicated if we integrate it, but it turns into 1 if  we dif
ferentiate it We should select the part to integrate, so we want to select 
e* and dx.

Try to make a multiple selection of ex and dx (as shown below) by 
dragging and holding the IIshil) I key.

x = 
x
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The expression to 
the left of the 
equal sign has 
been collapsed for 
space. You can 
leave it exposed if 
you like.

Alternate
Method

Theorist does not allow these terms to be multiple selections because 
selecting the dx means selecting the product of all four things.

Therefore, we will use the Commute manipulation, by hand (with the 
UD or O  key). Grab the e* and move it to between the x and dx, like so:

_ x  = 2n\  (  
x = n [ )

X

This gives us:

xexdx = x = 2ll^jxexdx

Choose Ruto Casing from the Manipulate menu’s Preferences sub
menu (to turn it on). Select exdx and choose Judv from the pop-up 
palette (or choose Int. by Parts from the M anipulatetO ther  
submenu).

A    * = * [  ” eSC“ ei063(r+(eSC+el06)3f + C 109

(In your answer, the arbitrary constant c may have different sub
scripted numbers; this is fine.)

Select the expression to the right of the equals sign and click (or 
choose Enpand from the Manipulate menu), which produces the final
answer.

^  = 2n r / &xxc£x _ 2ne2n_e2'n_ne* +e*

There is another way of separating e x and dx  to integrate by parts, 
which we will do.

Copy the original integral expression to the clipboard. Make a new 
notebook and paste it in. Turn on Auto Casing. Select and Simplify the 
integral, as in the first step of the other method. Next, select dx alone 
and Simplify, which gives us a slightly different result.

xexdx = x ~2n^jexx(dx)
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Note the parentheses. Now the integral is the product of three things, 
the last of which is dx. Make a multiple selection of the e x and dx; this 
time Theorist allows it.

Exercise

Exercise

Exercise

Exercise

Exercise

Exercise

Give the Integrate by Parts command and Expand as before, to get the 
same final answer.

a  I exx d x  = 2ue2lT- e 2lI-Tten + e11

Try integrating J x2 cos(x) dx by parts. (Integrate the cosOe) dx part 
again.) Hint: you must do it twice.

Try integrating J x1 cosOt) dx by parts. It may be tedious.

Try integrating J e* cos(x) dx by integrating by parts on cos(x) dx. Hint: 
after doing it twice, use some algebra to solve for the integral.

Try the previous exercise, integrating e?dx the second time. Integration 
by parts can lead you in circles if you are not careful.

Try integrating J ln(jc) dx, but don’t cheat by simplifying it. Instead, 
integrate by parts just on the dx part. Although it does not seem like it 
should work, it does. Do it with Auto Simplify off to watch what 
happens step-by-step.

Find out if arbitrary constants interfere. Try doing an integration by 
parts with Auto Casing on.
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In t e g r a t io n  b y  T r a n s f o r m a t io n  
a n d  S u b s t it u t io n

The Theorist form 
for this ex pression 
is slightly different.

Trigonometric
Identities

Theorist can also evaluate integrals that normally require a substitu
tion to reduce the problem to something simpler that Theorist (or we) 
knows how to evaluate. For example, consider the following integral.

J  cos3 Or) dx

Type $(cos(x))A3 0  d*x.

□ / (  cos[ar ] f dx

Click on the integral sign to select the entire integral, then click (or 
choose Simplify from the Manipulate menu). You should see a brief 
flash below the original expression because Theorist does not know how 
to evaluate this integral—yet!

This integral can be solved by reducing the order of this expression 
from a cubic to a quadratic. Choose Manipulate► Preferences►fluto
Simplify to turn it off. Select (cosM)3 and click %  (or choose Collect 
from the Manipulate menu).

^  = |(cos[3f]cos[3f]cos[3f])cfar

Select “cos[x] cos[x]” (just two of the three) and Simplify. Theorist 
creates the following equality.

A / (  cos[ac ] f dx  = J ([ c os(ar}]2 c os[ff ])cf x

Now we need to transform the (coslx})2 term using the trigonometric 
identity (cosDe])2 = 1 -  (sinDc]) , which is included as a transformation 
rule in your notebook’s Declarations. (It is collapsed in the Standard 
Rules bundle’s Trigonometry bundle’s second Transform bundle.)
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Notebooks based 
on the New Note
book file include 
this and other 
transformation 
rules.

Trigonometric
Substitution

Undoing the 
Substitution

Be sure to sub
stitute u not sin(x).

Upon Transform y  |t r a n s f o r m f f a t o  l-{sin|£SlTp.

Select (cost*])2 in the integral and click the palette button (or 
choose Transform from the Manipulate menu). Since there is an
other rule for (cosM)2 in the notebook’s declarations, a dialog asks you 
to choose your desired result. Click on the 1 -  (sinM)2 result.

a|( cos[of ]?#* -Ill - {si n(tt)}2] c Os[ar])cf X Transform.
Select the whole integral (from the right side of the equal sign) and 
click P> (or choose Expand from the Manipulate menu).

J f d x  =

The expression has now been partly integrated, and the remaining por
tion of the integral is in a form that is easier to handle using a trigono
metric substitution. We will use the substitution M=sin(x).

Choose Manipulate^Preferencestfluto Simplify to turn it back 
on. Type llr°lurnl u=sin(x) and Clarify to declare u as a variable. Select x
and click (or choose Isolate from the Manipulate menu).

^  x = arcsinfa)

The arcsin equation should be selected. (If not, click its equal sign.) 
Press and hold II *h|(t I and click the integral’s J sign so you have a multiple
selection. Choose from the pop-up (or choose Substitute from 
the Manipulate^Other submenu).

C M  cos[x Jftfif = - i a 3 + a Substitute

Notice how x was substituted just inside the right-side integral (not the 
whole equation), as you selected.

The last task is to substitute the original definition for u into the result 
of the integration. Select the definition for u, then drag it into the u on 
to the right side as shown below.

□
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Finally, we see that

A f t  COS [w ])3 d  X  =  - i(si n[arjf + si r(x) «*

It’s often a good idea to check your work. If you would like to prove the 
answer is correct, differentiate it. (You will have to Transform the 
(sinM)2.
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S im ple D efin ite  I n teg r a l

For this tutorial, we will use only the palette to enter expressions. 
Make sure you start with the palette in the functions mode (indicated 
by the big f(x) on the left). Because Theorist automatically toggles the 
palette, you will notice it switches between the variables and functions 
palettes as you go along.

Click the definite integral Jp3 palette button.

Q j'f t f

The highlighted question mark is the current selection. Replace it by 
clicking X from the variables palette, then click 3 ^ , then 2, then X^, 
and finally X to complete the expression to be integrated.

q J  x2dx

Click X[| to move the selection to the next ?, which is for the lower 
limit. Switch to the functions palette and choose 8,-b from the 8t+to pop-
up, then click 1. Click X|| to move the selection to the next ?, which is 
for the upper limit. Click 2 .

x2dx

Now select the whole expression by clicking on the integral sign, then 
click < 0  (or choose Simplify from the Manipulate menu). Theorist 
then proceeds with the solution. Since Theorist’s Auto Simplify option 
is on, it jumps to the final simplification.

x2dx = 3

Your answer is 3. Piece of cake!
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Exercise Delete the answer and turn the Auto Simplify preference off. Evaluate 
the integral, and watch the steps Theorist goes through. Simplify until 
the above result is reached.
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Y et A n o t h e r  In t eg r a l

Rational expres
sions are also 
known as rational 
functions and 
sometimes re
ferred to as ratio - 
nal fractions.

Create a new notebook and type Integral(sqrt(tan(x))*d*x).

Type [[return | y=sqrt(tan(x)) for a substitution.

O  = V ta n ( r )

Turn it inside out by isolating x:

Q  x = arctan(y2)

Substitute this equation for x into the integral you entered to get the 
following.

^  J ^ tan(r)cJx = 2 y2 dy
y4 + 1

This is a rational expression (a fraction with polynomials in the 
numerator and denominator). Expand it, and reply Yes to all resulting 
dialogs to get a large answer.

/\  j  4  tan(ar) d x = 2̂ —-^2z— .......

Note this has Vs representing the square root of -1 . Expand again to 
get rid of all of that:

£  | t̂an(ar)efar =  + l )  +  | / 2 . .........

But notice how it is in the variable y instead of x. We must Substitute 
again. Take the equation for y you entered and substitute it into our 
latest equation to get our final solution.

Q   i^arctanf^^tanfar] +i)+..............
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Now, you can use remanipulation to see if the same tricks work on 
similar integrals. Make sure the Rltvays ReManipulate item is 
checked in the Manipulate menu. Your notebook should have two 
assumptions (all the rest are conclusions), each with an occurrence of 
the name “tan.” Select them by double clicking one name and then 
Shift double clicking the other.

Type sin. The remanipulation ripples through but notice expanding 
the integral does not work; there is a square root sign that does not go 
away easily. You end up with something that is still an integral.

Select the sin names and type cot. Cotangent is similar enough to tan
gent that it should work. You may have to declare arccot but other 
than that it should all re-derive in a similar way. Note, however, that 
the answer contains a mixture of arctans and cots. Some of the tan
gents or cotangents come from the original problem, some of them come 
from solving the rational fraction. In fact, it would be possible to 
change the way these integrals are solved so that we end up with 
arccotangent functions, but tan is more standardized, thus the 
arctangents.

Integral Calculus 211



T a y lo r  S eries

This tutorial describes how to create a Taylor Series approximation of a 
smooth function. The tutorial presents a discussion of:

• The Taylor Series manipulation and its dialog box
• Graphically comparing a Taylor series to the original function

In a new notebook, type y=sin(sin(x)). Select the right-hand side of 
the equation and choose from the pop-up (or choose Taylor 
Series from the M anipulate menu’s Other submenu) and the 
following dialog appears on the screen.

taylor

Taylor Expand: sin(sin[x])

to be a polynomial in expansion

Highest order term:

Number of terms (including 
uanished):

<§) zero
variable: point: O variable:

e n It n
a 1# K n
z fPsS;18 C 1
y Hi a 1

n
z
V

ii
i

Cancel

i  QK 1

Click on the OIC button and Theorist gives you the answer.

£ ^ = - i a r 3 + x

As you can see, the expansion has two terms and not four as the dialog 
said. That’s because the other two terms vanish at the expansion point, 
x = 0.

Select sin(sinOc)) from the first equation and do another Taylor Series 
command, but do not click OK in the dialog yet. For a better 
approximation you need more terms in the expansion, which you can 
get by changing the number in the Highest order term box in the dialog.
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Change it to 7 and click on the 0 K button and Theorist crunches 
through computations to give you the final result, with the highest 
order 7:

A  y = -JL x 7+-Lx5-l-Xd+X 
315 10 3

To see how good the approximations are, you can graph them on the 
same graph. To get two graphs on the same axis, first change your 
equations so that the first Taylor series (up to * 3) is y\ and the second 
Taylor series (up to x7) is y (Theorist creates new assumptions.) 
Clarify the notebook and declare them as variables.

f \ y  =  + X
0

□  ? '=  -iar3 + »

/ \ y  = - - L a : T + i - K 5 - ? * 3 + »  Ta»lae315 10 3

□  y "  =  - - L » 7 +  ^ » 5 - ^ 3 + »315 10 3

To graph y = sin(sin[jc]), click on the equal sign in that equation and 
click f\fr- (or choose Graph^Linear>y = f(H)). To add a plot of the y' 
equation, select it and choose Graph^Additional^Rdd Line Plot. (If 
Theorist presents a dialog, click OK.) Repeat for the y" equation.

The thin line represents y = sin(sin[x]). The thick and dotted lines 
stand for the approximations which look good near x = 0, but get worse 
as you move away. From here, it looks like we did not gain very much 
for our two extra terms, but if you zoom in with the knife, you can see 
how much better the longer approximation is.
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M u lt ip le  I n t e g r a ls

The Collapse 
command of the 
Notebook menu 
was applied to the 
left-hand side of 
this equation.

Many people use many different kinds of notation to represent multiple 
integrals. Theorist needs everything spelled out explicitly. You must 
have one integral nested entirely within the other. Each must have its 
differential inside it, but not inside any deeper integral.

The first integral we will evaluate is the following:

r i c  sin[jc+ y\dx^dy

Note that the inner limits can depend upon the outer variables, but not 
the other way around. In reality, the limits define a piece of surface (or 
space, if a triple integral, or a 17-dimensional region if a 17-variable 
integral) that the integral is to be taken over. The integral above is 
fairly simple, taken over a right-triangular area of 1 unit on each side. 
In more complicated situations, the upper and lower limits must trace 
out the upper and lower edge of the domain of integration. Integration 
domains with holes, broken pieces or other discontinuities will require 
more work (perhaps using more than one integral for different pieces, 
or multiplying in a function that is zero or one for different areas).

Enter the integral by typing Integral((Integral(sin(x+y) ll«p«?l d ll«p«»i 
x) EH 0 ED y)*d*y) 0 GED 1. Clarify to remove the unnecessary
parentheses.

oJLtC sin[ar+3/]cf* dy

First, try to Simplify, and notice that Theorist does not integrate this 
symbolically.

A .....
The integrals with limits turn into integrals enclosed in Evaluate At 
operators, but the integrals themselves do not get processed. The inner 
integral is not evaluated, because it contains the variable, y, with an 
uncertain relationship to the variable of integration, x. As far as 
Theorist knows, y could be equal to x or some function of x, or vice 
versa. Without knowing this relationship, it is impossible to find an 
answer.
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There is one important thing to do when doing multiple integrals, and 
indeed when doing most work in two dimensions. You must use an in
dependence declaration. Choose Independence Decl. from the 
Insert submenu of the Notebook menu. Type x,y in the question 
mark. (The parentheses appear automatically.)

The variables (ar,^ )are independent of

Now, one Simplify command gives the exact value of the integral:

dy = -isin(2)+sin(l)

each other ^  |.

Calculating
Multiple
Integrals

Integrand
Approximat
ion

Taylor Series 
Approximat
ion

You can also evaluate multiple integrals numerically with the Calculate 
command. Select the original integral and click □  (or choose 
Calculate from the Manipulate menu).

[ j  sin[a;+;y]cfx dy =0.38682 cfateu&fc

See the Reference Manual’s Tips and Techniques section for informa
tion on evaluating multiple integrals numerically.

As an example of using an approximation for the integrand, let’s modify 
the previous integral to be more difficult. First, delete the conclusions 
in the notebook. Select sinf# + y] and click on the functions palette 
button sin(x).

This expression does not simplify because sin(sin[jc]) has no symbolic 
integral in terms of familiar functions. We could try to split it up using 
trigonometric identities for addition, but that leads nowhere. (Try it.) 
Instead, we use a Taylor series.

The critical thing about taking a multidimensional Taylor Series is to 
make the variables independent. If you don’t, all of the derivatives with 
respect to x have trouble with the y’s, and things do not simplify as they 
should. Fortunately, we already have the correct independence declara
tion lying around; for our purposes, x and y are independent.
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Select the integrand (without the dx) and choose from the pop
up (or choose Manipulate^Qther>Taylor Series). At the dialog, 
make sure x is selected in the left scroll box and press ll,eturnl . (Three 
terms is fine for now.) When that is completed, keep the selection and 
choose Taylor Series again. This time, select y in the dialog’s left 
scroll box. You end up with an integral of a polynomial.

q 9 ' S l o  SO 9 9x '+ x + x y -  - y + x y  -  xyc-  ary +y 0 dx d y  Taylor Series

If  you Expand the whole integral, it reduces to a simple answer.

X^ |  II sin[sin{af+ ŷ}]cf3f dy = i Emms

How close is this? Let Theorist approximate the integral by using the 
Calculate command on the original integral. (It does not take very long 
on a fast computer.)

|| sin[sin{x dy = 0 .3 4 1 6 5

This answer is good to about five digits, showing how poor the Taylor 
series is, especially since the Taylor series took more work and more 
time. In fact, the numerical integration algorithm is actually very good 
and fast for smooth functions. It works, but is slower for rapidly oscil
lating functions. Taylor series only really works for smooth functions, 
in general, the same kind that the numerical integration algorithm 
works well for.
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C o m p lic a t e d  In t eg r a l

At any point in 
this tutorial, if 
Theorist asks you 
to declare a name, 
press l[,a,"rnl to ac
cept the default 
declaration.

This tutorial presents a discussion of:

• Techniques for solving non-trivial integrals
• Substituting single variables for more complex expressions
• Using trigonometric Transformation Rules
• Verifying an integral solution by differentiating
• Creating a transformation rule from the solution obtained

This tutorial concerns itself with the following small but difficult 
integral:

f  \J a  + 6 (sin [0])2 cos (0)d0

In the process, we see how to use substitution and transformation rules 
in integration.

I
Since this tutorial is long and involved, and you may want to take a 
break somewhere along the line, save the notebook with the Saue Rs... 
item from the File menu. Save the notebook as “Integral” (Macintosh) 
or “Integral.The” (Windows). Save it often as you work through this 
tutorial. Saving often decreases the risk of work lost due to system 
crashes, power failures, and yes, even your own mistakes. Because you 
may become so absorbed in this derivation you may forget to save, 
Theorist can help you out with its automatic saving feature. Choose 
RutoSaue from the File menu. When this item is checked, Theorist 
periodically saves the notebook.

Start by entering the following expression.

+ &(sin[9jf cos(0)cf 8

You can see by simplifying that it does not solve immediately. But any
body who does frequent integration can see there is a substitution just 
dying to be done. That cos(0) looks like the derivative of that sin(0), so 
let’s try saying x is sin(0).

Q x  = sin(0)
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Most of the rest of 
this derivation 
takes place on the 
right hand side of 
this equation, with 
the left integral 
remaining un
changed.

Of course, you need an expression for 0 to substitute into your equation, 
so isolate 6.

Now take this last equation and substitute it into your integral,

Simplify does not crack this.

Whenever you get an integral with a square root like this, you should 
use some sort of trig or hyperbolic function as a substitution. The idea 
is to get the vbxr + a  to dissolve into something simple.

Keep the following table handy.

if your integral has this use one of these substitutions for x

These are chosen because the functions on the right are transformed by 
the expressions on the left by way of trig or hyperbolic identities. Some 
of these substitutions work equally well (or equally poorly) in the same 
situations. Try a trig function first, and if that does not work, try a hy
perbolic.

Notice here that you have to decide upon the signs of a  and b. For our 
purposes, let’s assume they are both positive.

In this situation, we start with tangent. Unfortunately, the constants a  
and b complicate the situation. To make bx2 + a  melt like a trig 
identity, visualize bx2 being the (tan[z])2 part and a  being the 1 part. 
Because a  is there, we know the first part really needs to be aftanfz])2.

Enter the substitution bx2 = a(tan[z])2 and Isolate x, then Expand the

8 =  a  r o s i n g )

n/x2 + 1 

s/x2-  1

tan z, sinh z, cot z, csch z 
sin z, sech z, cos z, tanh z 
sec z, cosh z, esc z, coth z

result.

/\ y  -  7« W*) EX?™*
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This should make it all dissolve. Substitute it into the integral, then 
Expand.

V ®  I +  a  [sec(2r}]2cf2r I
f  \  . . . . . .  =  J ________________________________ I Expand

Select the (tan [2D2 and do a Transform manipulation.

s f a i  [ + f a  { s e c ( z ) f  -  i] + a  [ s e c { z ) ]2d z  I

A    7 b

Expand the fraction twice to reap the fruits of the substitution.

a{{[sec{z)fdz  1
   v _________ )  Expand

Transform

That looks ugly. If it were squared instead of cubed, it may crack im
mediately. This, however, is difficult. Maybe a hyperbolic substitution 
will work. In the bx2 equation you entered, change the tan to sinh to 
make it bx2 = a (sinh [2]) , then watch and wait. Theorist takes a mo
ment to automatically remanipulate all of the dependent conclusions, 
which saves you several steps. However, Theorist can not match the 
transformation rule so it can not remanipulate the last few conclusions.

Fortunately, Theorist has a fix for exactly this situation. In the last 
valid conclusion (above the conclusions with the error messages), 
Transform the (sinhfeD2, and in the transformation dialog choose the 
result (cosh[2])2 -  1. Keep the selection as it is in the new conclusion 
(any selection in this proposition will work) and Shift-click the 
conclusion icon of the first ReManipulate error message. What you are 
doing is making a multiple selection to link the new manipulation to 
the non-working manipulation. Choose Diuert Cascade from the 
Manipulate menu and Theorist remanipulates the error conclusions.

. ,____________  J a ( (  Ja\(cosh(z))2- i] +a  coshhrlcfz |
^  |«Jb(sin[Q]f + a cos(0)c? 8 = — -̂-------------- j=------------------- -

V * _______
sh(z)f dz }

Expand

Trtm&orm.

____________  J a \f cosh[2]^/cc[cosh{2}]2 dz
Q  J ,</&(sin[0 Jf  + a cos(0)cf 8 = — - ------------ -==-----------------

____________  ccf [ [cosh{2}]2ef2
£  J^/6(sln[6]y + a co<0)cf 0 = -H  - j= -------- Expand
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Make arcsinh 
predefined.

Select (coshtz])2 and Transform it. (Use the 2z result when Theorist 
asks you which one you want.)

A
ccj j  i(cosh(22r) + l} dz

T rc c n sfo rm .

Expand the entire right-hand side of the equation.

A    1 ”  I 1 g s in h (2 g )  E xpand
°  * 4 b

The integral is solved but the job is not yet done. We still have two 
levels of substitution to crawl back through. We start by substituting 
back to x.

Locate the last equation for x and Isolate z.

(\>z = arcsinh
1 4 * )

Now, Substitute it into the equation like so:

Isolate

 11 o c s i n h ( 2 g ) Expand

This produces the following.

a  arcsinh

A '
4 b

ctsinh
f
2arcsinh U b x )

V. ,V“  JJ Subs
4 b

Before we go any further, let’s pound on that sinh of an arcsinh. Select 
the sinh[2...] as shown below.

a

+\
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SMS a wildcard 
variable. Type ?y 
to enter it.

Transform it. In the dialog, click on the result which does not contain 
exponentials (the second one).

a arcsinh

A '

f v * * ]  «

f
J&arcosh

2
arcsinh

.V “ l
IV «  h t < f a /

4 b f b
Transform

Wow. This turned into a sinh multiplied by a cosh, and Auto Simplify 
annihilated the sinh of the arcsinh and made it x. Using techniques 
learned previously, we can deal with the cosh of the arcsinh. Enter a 
new expression:

□ (sin% F
Transform it into the following.

^ ( s i n h [ g * ] ^  =  1 Transform.

Isolate cosh sip.

Q  c °sh (g p ) =  ^ ( s i n h ^ ] ) 2 + 1  * * * * *

Substitute the above equation into the big equation like so:

The result is automatically Simplified.

a  a rcsin hU d l  Co i l l  II 1   iv    r

a  - i — i
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Verifying the 
Answer

We can simplify this even further. Do an Expand, then Collect 
everything inside the big square root, then Expand the right-hand side 
of the resulting equation.

csarcsinh

A 1
2

'4 * *

< 4 ^ , - J + l ^ b x 2 + a x  Expand

Nice and simple. Now we are ready to substitute back to 0. Get the 
equation x = sin 0 and Substitute into the big equation like so:

ocarcsinh

J L

7&B]
 ̂ +  U b ^ + a  0  Expand

This produces the following, 

ctarcsinh

A '

4fbs in[6]' 

i— ^ 6 ( s i n [ 0 ] ) P  + a  sin(0) 
f b

This is the final answer.

Whenever you do an integral like this, you should check the answer to 
make sure it is correct. Copy the right hand side of the equation then 
type l[ret“ml d( then paste.

Q c f

ccarcsinh ti i 
01 CD

. 4 *  .

4 b
L/&[sin{0}]2+ct sin[B]

Simplify it to process the derivative. The right hand side looks like the 
following.

0 +l ^°<BXg|g[g]yrf e + y b (s in [Q ]f+ a  co<8 )d  0
fj 6 s i n [ 0 ] 12 +  1 ^/6(sin[8])P + cc
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Creating a 
Trans
formation 
Rule

Do an Expand, then Collect inside the biggest square root, in the de
nominator of the first term on the right.

A  d  - 1  J ^ c o < 6 )  ^ ..........  M

2 /  6(sin[0])?+a
V  a

Expand the first term on the right side of the equation, and many 
things cancel out.

a <j  =  i  = ^ 0 + ..........

2 ^ 6 ( s i n [ 0 ] ^  + a

Collect the whole right side of the equation.

A d    l (2&[sln(B)]2 +2g)co< 0)JO CeSfM

2 ^ & ( s i n [ 8 j f  + a

It looks as though the top and bottom will cancel out some. In the 
numerator, select 2b [sin {0}]2 + 2a and Collect:

A d  = l ( 2 [ & ( s i i < B f + c c ] ) c o < B ) JO CfoX&ti

2 +oc

Simplify the right side of the equation.

A  d    &(sin[0])P + a  cos(0)dB

This was our original integrand. Our answer was right.

If you find yourself having to do the same integrals over and over many 
times, you could make a rule. Locate the equation where the integral 
was finally solved.

A '

i  jV^sm[0rccarcsmh —  1 -
 1 I  4 *

2 V *

+ L/&(sin[0])P + a; sin(0)
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Click anywhere within the equation. Then, from the Notebook  
menu’s Insert submenu, select Transform Rule, which makes the 
following rule.

Upon Transform -y | transform i4 &(sin[0j)P + CC cos(0)c?0 into

sin[0]'aarcsin h
4& L/&(sin[0])P + a  sin(0).

There are some changes you may want to make to the rule before im
plementing it. For instance, you may want it to be done upon Simplify 
instead of upon Transform. Also, you may want to change the 6 to a 
wildcard variable such as it, so it works for similar equations, instead of 
just situations where your variable happens to be 0. While you are at 
it, change the a  and b to © and lb. Note Theorist allows <s and b  to 
match only constants, whereas the it matches variables.
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Differential 
Equations
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S o l v in g  F irst  O rd er  D iffer en tia l  
Eq u a t io n s  S y m b o l ic a l l y

Separable
Equation
This type of equa
tion arises, for ex
ample, in popula
tion modeling.

When clarifying 
Theorist elimi
nates unnecessary 
parentheses.

This tutorial will examine two of the several different classifications of 
first-order differential equations that can sometimes be solved exactly: 
separable equations and linear equations. Each class has a particular 
technique (or trick) that can be used to solve them.

We’ll begin by solving the following simple, separable differential 
equation:

w =yN

Enter the equation by typing (d*N)/(d*t) 0  ='g*N, or by using the 
palette. Choose Clarify from the Notebook menu. Theorist shows a 
dialog for each undeclared name. For N  and t you can press IĤ I to 
make them variables, but use the dialog’s pop-up menu to make y a 
constant.

r—i d lS f  •% 7

Now we are ready to start working on the equation. Select dt and 
choose from the function palette’s pop-up (or choose Moue 
Duer from the Manipulate menu’s Other submenu). Notice how the 
conclusion generated is a working statement.

^  dN  = yNd t MootOixr

From the expression on the right side of the equal sign, select N. Move 
Over N, but this time hold the 0 0  key (Macintosh) or 1 0  key 
(Windows), drag over like so,

.and drop it. This results in:

A —dN  = ydt 
N

M'cveOver

228 Theorist Learning Guide



With the equation selected as above, click — |w or choose Apply from the 
Manipulate menu. This has the effect of selecting the expressions on 
both sides of the equal sign, but not the whole equation with the equal 
sign:

y d t

You might have 
slightly different 
index numbers 
like 100 and 101

First-Order
Linear
Equation

Next we want to integrate both sides of the equation. Type $ for an 
indefinite integral.

= / y <**

From the Manipulate ►Preferences menu, turn on the fluto Casing 
option. This puts Theorist in strict derivation mode, in which it pays 
close attention to the subtle details and rules of mathematics. We are 
using it now to generate some special constants, explained shortly 
hereafter.

Click on the equal sign to select the whole equation, then click (or 
choose Simplify from the Manipulate menu).

£>ln(tf)+e106 =yt + cm

To solve for N, select it and click (or choose Isolate from the 
Manipulate menu) to get the answer:

£ S N  =  e *  +  C m  Jsotate

The constants c 106, c 107, and c 108 were generated by Theorist when you 
integrated the differential equation. They are arbitrary; any value you 
choose still works as a solution to the original differential equation. 
(See a calculus or differential equations book for more details.)

If  this were a real-world problem, you could solve for c 108 from your 
initial condition.

A first-order linear differential equation of the form:

i t  + yP(x) = QM
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where both P(x) and Q(x) are arbitrary functions of x only, can be solved 
using an integrating factor,

Note that Theorist 
does not allow 
you to overwrite a 
conclusion, but 
creates a new 
proposition.

f P(x) dxeJ

The solution to this type of differential equation is given by the 
following equation:

P * * -  (Q O e)Jm im 4 l + 0

To demonstrate the use of this method, we will solve the following first- 
order linear differential equation:

^  + 2xy = 4x dx

To enter this equation, type 11̂ 1 /d*y ED d*x 0  +2x*yss4x.

—  +2xy = Ax 
— dx

This is entered primarily to show the equation we want to solve. 
However, it can also be used later to check that the solution we find is 
indeed a solution to the given differential equation.

Upon examining the equation, we see that P(x) = 2x and Q(x) = 4x. So, 
let’s create the integrating factor. Type IĤ I eA$2*x*d*x. Turn off 
Auto Casing, which was left on for our previous derivation. Select the
expression and click 3 0  (or choose Simplify from the Manipulate 
menu).

[2 xd x  J2
f \  =  e

Let’s define the result as the integrating factor and call it IF. Select the 
left side and replace it by typing IF. The resulting proposition is:

□  IF =  e*2

Clarify the notebook and declare IF as a variable.
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Type If^l y*IF=$4x*IF*d*x for the solution, then substitute the 
equation for IF into the new equation, like so:

This produces:

A eK̂ =4ff ex xdx Substitute

We are left with the task of evaluating the integral on the right side. 
Theorist will not evaluate it directly by simplifying, but it can be solved 
readily using a substitution.

Type jjrefurnJ u=xA2, the equation for the substitution, press lH“rnl and type 
the differential, d*u. Clarify and make u a variable. Substitute this 
first expression into the second.

Turn Auto Casing back on. Select the expression for u and substitute it 
into the integral above, like so:

Select the expression for x dx and substitute it into the preceding result, 
like so:

Q d u  = 2xdx &&**&***

Solve for x dx by selecting it and clicking (or choosing Isolate from 
the Manipulate menu).

Isolate
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The result of these operations is:

Q e *  y = 4 ^ “ +c 110J

With Auto Simplify on, the integral is automatically integrated!

Turn Auto Casing back off. Substitute u back into the result above, 
then solve the resulting equation fory (with Isolate). Turn Auto Casing
back on. Select the entire right side, then click (or choose Eiipand 
from the Manipulate menu).

2
Q y  = e n i e x  + 2

Select the cm  and type C, which renames the constant of integration as 
C in a new proposition.

Q y  = Ce~x + 2

Finally, we see that this final equation for y is a solution of the given 
first-order differential equation. It is left to the reader to prove this 
(just substitute the resulting equation for y into the original differential 
equation, and expand the resulting left side).

232 Theorist Learning Guide

«



S o l v in g  S e c o n d  O rder  
D iffe r e n t ia l  Eq u a t io n s  

S y m b o l ic a l l y

Linear differential equations of second (and higher) order, which have 
constant coefficients, can be solved using Theorist by using the 
differential operator D. Using the differential operator D (declared as a 
variable in Theorist) reduces the problem to solving for the roots of a 
polynomial. The solution depends upon the roots of the polynomial— 
distinct, repeated, or complex. The examples in this manual should 
allow you to extrapolate Theorist’s symbolic capabilities to other 
solution techniques, such as variation of parameters and the method of 
undetermined coefficients.

This example illustrates a procedure for solving the following second- 
order linear differential equation.

Type ((DA2)-4D+5)y=0. Clarify the notebook and declare D as a 
variable.

□  (D 2 - 4 D + 5 ) y  = 0

Select the polynomial (actually a quadratic) inside the parentheses by 
dragging or double-clicking on either the plus or minus sign. Click (or 
choose Factor from the Manipulate menu).

£ >  ([D  -  2 +  i ] [ n  - 2 - z ] ) y  = 0

Upon examination, we see that the roots are complex (D = 2 ± i ) ,  so, 
according to theory, the solution is given by:

y = e2x(C i cosfr] + C 2 sinM)
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Exercise

To verify this, let’s start by typing the equation for the solution: 
y»eA2x 0  (C_l 0  cos(x)+C_2 0  sin (x». Clarify the notebook, 
declaring C as a constant.

0  y = e2xfCf1cos[3f] + C2sin[3f]j

Now enter the differential equation by typing a template, ()A2 0  y- 
4()y+5y=0.

Shift-drag to select each question mark between parentheses. Click 55; 
from the functions palette and type x to replace the two question marks 
in the denominators of the partial differential operators.

□( 3  rl
__  y-4- ŷ+Sy = 0  dx dx

To prove that the solution we found above is a solution, substitute the 
equation for y into the differential equation above and expand the left- 
hand side to verify.
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Typing hint: You 
can enter v (Greek 
nu) by typing 'n.

Typing hint: You 
can enter by 
typing 'N .

B essel's D iffe r e n t ia l  Eq u a t io n

This tutorial uses some of the rules and declarations in the Finite & 
Infinite Series notebook to solve Bessel’s differential equation using 
power series (i.e., by finding its Taylor series). The tutorial describes:

• Bessel’s differential function
• Creating a power series with the summation operator
• Using an Independence Declaration
• Using a Transformation Rule
• Manipulating an expression in place
• Creating independent case theories

Enter Bessel’s differential equation.

□ X
dx

9  2 2+  X—  +  X - V
dx

y = o

In this equation, y is a function of x, and v is a constant, usually an 
integer. Clarify, making v a constant.

Start out by assuming a solution in the form of a generic power series 
for y  in terms of x:

Jb = 0

Clarify the notebook and make °° predefined. The other names should 
already be declared. Note that k must be a variable to work in the 
summation.

We have to convince Theorist that k will not change in value as x 
changes in value (as if perhaps k = floorf*]). In addition, we need to 
specify that bk will not change in value either; if k  can change, then bk 
can, too. In order to make this work, we need to specify that k  and b k 
are independent of x. The easiest way is to declare that they are 
independent of every other variable.

From Theorist’s Notebook^Insert submenu, choose Independence 
Dec I. With the question mark selected, type k,b_k. Change this 
declaration’s pop-up menu to “all variables”.

J l*. The variables [k , b ja re  independent of all variables ^|.
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Part of this long 
expression is col - 
lapsed here for 
space considera
tions.

You may have to 
drag carefully to 
get the location 
you want to high - 
light.

Take the summation equation and substitute it into the differential 
equation by dragging (with the UD or H3 key) like so:

This way, the x’s and the derivatives can pass through the £.

Er ......
' 3  ■ 
dx

-i 3 2 2+ X -V
dx >

b = o

□ y =
CO

I
fo =

b . x k 
o *

.to get the following result.

A X
dx

d 2 2+ X—  + X - V
dx Jfc = 0

—  Q Substitute.

Expand the result three times.
■CO

Q x 2 "L b ^ k 2x k ~2 + ..........= 0 1h " &
fb = 0

This answer is large. We want some of the terms to cancel out, but we 
have to help Theorist. Situations where there are things multiplied 
together that do not commute (such as the summations and variables 
here) can be confusing to Expand and Simplify, which already have 
their hands full doing other things. To prevent accidents, they 
conservatively prohibit you from doing things that may not be correct. 
In such situations, you have to help Theorist along by using Commute. 
Commute is simpler, because it only has to worry about a few factors at 
a time, but it more fully understands what commutes with what, and it 
allows you the full freedom to do what you need to do.

Now, select x2 from the first term and move it to the right, past the X 
sign, so it is next to the xk~2 as shown below.

A B I  * q p - 2+.
k  =0

=  0

This produces the following conclusion.
CO

b 1 2x 2x k " 2 +..........= 0
k  = 0
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Now we must do Commute three more times, but to avoid the clutter of 
additional conclusions we will do the Commute manipulation in place 
so no new conclusions are generated.

To Commute in place, select and drag as before, but hold the GO and 
|[oPt.on| keys (Macintosh) or (E3 and O  keys (Windows) prior to dragging.

Commute in place each term that starts with an x or an x2. Move it to 
the right, past the X next to the xk, â -1, or x̂ ~2. After the fourth 
Commute, you end up with:

<* M 0* 0 * 0 *
6  X b, k2x2x*~2 -  X b ,kx2xk ~2+ Z  b.hx  xJb_1-v2X &Ax * + X  b ,x2xh = 0

b = o *  h = o h = o f> = o  b = o

Simplify the whole equation. The jc’s  unify, and two large terms cancel 
each other, to yield:

«e> «  »

A Z  &&* f e + 2 - v 2 Z  arfc =  0
* = 0  *  *  = 0 *  f t =0

Since this is true for all x, our aim is to equate coefficients. We want to 
collect the second two terms together. If you try it, you will notice noth
ing happens. Collect must be helped along by Commute. When non- 
commutativity raises its ugly head, Collect can only collect factors that 
are on the far left or far right.

To help it along, select the v2 and move it between bk, and k? in the 
middle summation, as shown below.

A Z  b . x k + 2 - % Y .  6 j f e + Z  =  0
6  = 0 6  = 0 6  = 0

This gives you:
•oo> oo- co-

A Z  b „ x k + 2 -I 6 a v 2arfe+ I  =  0  «»*> »**
*  = 0 *  ft = o *  ft = o *

Next, select the last two summation terms and click %  (or choose
Collect from the Manipulate menu).

»  »
A Z  b , x k + 2 +  z  ( z 2 - v 2 ) b . x k  =0 cWterf

6 = 0  6 —0

Change the xk+2 in the first term to xk because we want the x’s to line 
up. To shift the whole summation over by two, we will make use of a 
transformation rule in a notebook included with Theorist.
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Be careful to get 
the last rule in the 
bundle, the one 
with s = s -  1 in 
the parentheses.

Instead of typing 
these from 
scratch, you can 
copy and paste 
pieces from the 
last conclusion.

Open the Finite & Infinite Series notebook. (On the Macintosh, it is in 
the Mathematics folder. On Windows, the notebook is named Finlnf.The 
and is in the Math directory.) Expose the “Joining, Unraveling and 
Shifting” bundle and select the following transformation rule.

3  <3 + 1

Upon Transform ^  | transform 51 &  in*° IB.  ̂ * f  M \
O = S. s  =&+l^ »■ I

Copy this rule to the clipboard and go back to your working notebook 
and paste it in. (If you like, you may move it under Declarations to 
keep it out of the way.)

Select the whole first term in our new assumption.

+ I  { k 2 - v 2)b.sc* =  0
*  = o

Click (or choose Transform from the Manipulate menu). Once 
you get an answer, keep the selection (which is the first term) and 
Transform again to move it over one more step.

Z bk _2Xh ~2 + Z [h2-V2)bkXk =0 Tnntform.
k  = 2 ib = 0

Next, generate the recurrence relations, one for each value of k, by 
creating the following new assumptions.

Q { k 2 - v % = 0  

O b k - 2 + ( R 2 ~ v % = 0

The first is only used for k values of 0 and 1. Enter new assumptions 
for k  = 0 and k = 1. Substitute each of them, one at a time, into the 
equation (k2 - v2)bk=0. This generates the equations for 0 and 1.

^  -  V2 = 0

^  v 2 + =  0
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Remember, type 
'n for the Greek 
letter nu, v, not 
the letter v.

Select bk from the other new assumption and click P  (or choose 
Isolate from the Manipulate menu).

/ \ * = - h z L
°  ft £  - V

Isolate

The three conclusions we have here are all we need to generate all of 
the coefficients for our polynomial.

Let’s first examine the case where v = 0. Click some white space in the 
notebook to de-select, then choose Notebook H n se rU  Case Theory. 
Enter v = 0 in its blank assumption. Substitute this into each of our 
three magic conclusions from the last step.

Q [ Q v  = 0
0  =  0  Substitute 

Q b  = 0  Substitute

b k -  2f\  b  =  — Substitute
°  fi k 2

You will notice that we get a firm message that b j is zero, but nothing 
about 60, which is arbitrary. Enter b0 = 1 in a new assumption within 
this case theory. Also enter k = 2 in a new assumption within this case 
theory.

Substitute k = 2 into our equation for bk. Enter a new assumption, 
k -  4, and repeat, then do it again for k = 6. (We are skipping 3 and 5 
because they end up as zero.)

A & 2 =  

A N  =
A & 6 =

— 1 b Substitute
4 0

s b <

— _L b Substitute

— _L b  Substitute
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Now, substitute these equations until you have numerical values for all 
of them.

Aft — _  1 ft Substitute 
°  2 “  A 0

p\  ̂ ft  ̂ _  1 Subst&i&e

A ft — L ft Subst&ide
16 2

A ft — _L Subst&ide
4 ” 64

A  f t  _L ft
3 6 0 4

Aft — _ _ JL _  Subst&ide
2304

□  &o = 1
A check with Handbook o f  Mathematical Functions (Abramowitz and 
Stegun, Dover Publications) tells us that we have found the coefficients 
for J 0(x), the most well-known of the Bessel functions. If  we were to 
substitute in v = 1, we could get the coefficients for J 1 (x), which only has 
coefficients for odd values of k . Other values for v would yield the full 
set.

It turns out that there is another solution to this equation that can not 
be modeled as a power series because it has a singularity at x = 0. 
These functions are the Bessel functions of the second kind, known 
collectively as Yn(x). Together the J*s and the Y’s and their linear 
combinations constitute a full space of solutions, when v is an integer.
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So lv in g  F irst O rder  D ifferen tia l
Eq u a t io n s  N u m er ica lly

As the use and power of digital computers has increased, the numerical 
solution of differential equations has become common practice in many 
fields. Solving differential equations using numerical techniques allows 
many equations to be solved (most notably non-linear) that can not be 
solved using traditional methods (i.e., integration, algebraic, Laplace 
Transforms, etc.)

This and subsequent chapters describe how Theorist can be used to 
numerically solve differential equations. The solution of a first order 
differential equation is stored in a table. The data in this table can be 
examined and plotted like other Theorist tables.

Let’s use Theorist to find the solution to the following differential 
equation,

...with the initial conditions t = 0 andx = 1.

Type (d*x)/d*t 0  =-13/3 0  x to make the differential equation. 
Choose Clarify from the Notebook menu and declare / as a variable.

Note you can use both differentials and partials for writing the ordinary 
differential equations in Theorist.

dx _ 13
dt 3-
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Select the differential equation, then choose ManipulateMTable> 
Integrate Differential Equation.... The following dialog appears.

Independent Uariable

i ■uni i ■■mi■■■mi Integrate the differential 
equation using 4th order Runge-Kutta ▼  |

d x  13
dt 3 *

Integrate this 
differential 
equation for 
these ualues 
of the t 
uariable.

with 64

separated bg

Cancel

6.3

points total,

0.1

OK ]

Click OK.

Next, you are presented with a dialog asking for the initial value of x.

Dependent Uariable

Initial ualue of this 
uariable is:

Cancel « 0K 1

Enter 1 for the initial value for x and click OK. Theorist generates a 
table proposition below the equation.

H I Tabulate » (()w ith

Change the name of the resulting table from x(jt) to Xr(£), then clarify 
the notebook and press EED to make Xr a user-defined variable.

Repeat the preceding steps, but set the big dialog’s pop-up menu to 
Euler’s method, and after integrating change the name of the resulting 
table to Xe(t) and Clarify to make it a variable.

242 Theorist Learning Guide



Trust us; this is 
correct.

Notice the original 
x  black line and 
added Xr red line 
appear so close 
together, they al - 
most can not be 
distinguished as 
separate plots.

So far, your notebook looks like this: 

t—i ___ 13
U d t ~  T *

HI Tabulate Xi(i)w ithf

811!; Tabulate Xefo)with|^

Type If^l x=eA-13/3 B  t for the solution to the differential equation. 
(Or, derive it from the original equation and boundary conditions.)

□ *  = e

With the selection anywhere within this equation, click m"" or choose 
Graphty = f(«)^Linear. Next we add the Euler (Xe) and Runge- 
Kutta (Xr) solutions to the graph. Select the table for Xr, then choose 
Rdd Line Plot from the GraphMldditional submenu. (Accept the 
defaults in the axis variables dialog.) Repeat for the Xe Euler solution. 
To examine the results more closely, open the graph details and change 
the graph bounds as follows.

0 .1 . . .  0 .5 =  left...right 
0 .0 5 . . .  0 .4 5  = bottom...top

The graph appears as follows.

Compare solutions using both Euler and Runge-Kutta. Note the differ
ence between the two methods of solution. The Runge-Kutta method 
should be used in almost all situations, whereas the Euler method is in
cluded only for educational purposes.
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Exercise

Both algorithms inch along by estimating ^x/dt over 2111 increment and 
then advancing x and t. Euler simply evaluates the derivative at the 
beginning of the increment, ignoring the fact it will change from one 
end of the increment to the other. It is a lopsided method which 
achieves poor results.

Runge-Kutta, however, evaluates the derivative four times (at the start, 
at the end, and twice in the middle under slightly different conditions) 
and uses a weighted average of the four. The results are far more 
accurate than Euler’s method, as you can see. But, for the same 
situation, it uses three to four times more processing time. You might 
be tempted to think Euler is useful if you need fast results; this is not 
true.

You can speed up the solver by choosing fewer points in the dialog, and 
you can increase the accuracy by choosing more points. Let’s see if we 
can improve Euler to the quality level of Runge-Kutta.

Select the differential equation and choose ManipulateHable^ 
Integrate Differential Equation... again. In the big dialog, set the 
pop-up menu to Euler’s method and change the 64 to 512. (This 
makes the steps eight times smaller and causes Theorist to take eight 
times as long to solve the ordinary differential equation—more than 
double the time it took with the Runge-Kutta method.) In the small 
dialog, use 1 again for the initial value. Change the resulting table’s 
name to Xeb( t) and Clarify to declare Xeb as a variable. With the table 
selected, add a line plot and notice the new yellow plot on the graph. 
This most recent use of Euler’s took twice as long as Runge-Kutta but 
still produced poorer results.

Try using larger step sizes on the Runge-Kutta algorithm until its 
results are as poor as the best Euler’s method.
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So lv in g  Se c o n d  O rder
D ifferen tia l Eq u a t io n s

N u m er ica lly

Let’s use Theorist to find a numerical solution to the following second 
order differential equation,

^ y . 4 ^  + 20y = 0dx ax

.. .with the following initial conditions.

; y ( 0 )  =  ( ) ’ £  =  0 0 4 3 2 1 4

To solve this differential equation, it is necessary to form a system of 
first order differential equations. The original differential equation 
may be decomposed into the following:

%L = v' 
dx
f  = 4 / - 2 0 y

Enter these equations so you have the following propositions.

□  g  = 4 , ' - 2 0 ,

Clarify the notebook and lety ' be a variable.
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Select the first proposition, then shift-click the second so they are both 
selected. Choose M anipulateKable^Integrate D ifferential 
Equation.... The big dialog appears; make sure it uses the Runge- 
Kutta method with 64 points,

Independent Variable

■■■mi
■■■■in■■■■in

Integrate the differential 
equation using 4th order Runge-Kutta ▼ !

dy
—  = y  dx *

Integrate this 
differential 
equation for 
these values 
of the t 
variable.

ivith 64

separated by

6.3

points total,

0.1

Cancel OK

...then click OK. In the dialog that follows for y, use 0 as the initial 
condition, then in the dialog for y\ use 1. After a few seconds (de
pending upon the speed of the machine you are using), two tables ap
pear under the original propositions.

K j j j j  T a b u l a t e  y  ( a t )  w i t h

□  ^ ' = 4 y ' - 2 Q y  

e f a t

« ( !  T a b u l a t e  y  ' ( a t )  w i t h
________________ E j r

At this point there are many interesting ways to graph the data. One 
good way is to leave the selection exactly as it is and choose 
GraphtOthertx = f(t), y = g(t) Parametric. (Accept the defaults 
in the axis variables dialog.) This graphs y versus y' and makes a spiral 
which starts small and grows larger, as the table displays suggest.
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So lv in g  H ig h er  O rder

D ifferen tia l Eq u a t io n s
N u m er ic a lly

Memory
Usage
Caution

To solve higher order differential equations, it is necessary to write the 
nth order ordinary differential equation as a system of n first order dif
ferential equations,

^  = /i(*> yi> y *

y2, -*,>»)

^  Yl> Y2>

...satisfying the following initial conditions.

Yi(*o) = a i> y 2^ o ) = a 2» -  >y»(*o)“ «»

Some care must be exercised in writing an nth order ordinary differen
tial equation as a system of n first order differential equations.

As an example of a more complicated system of first order differential 
equations, let us examine the Lorenz equations which give rise to the 
Lorenz attractor.

x' = -  ox + oy  
y' = R x - y  - x z  
z = -  Bz + xy

In the following example, we use the values o = 10, B = 8/3, and R = 28 
for the parameters in the preceding differential equations, subject to 
the initial conditions x = 0, y = 1, and z = 0.

This tutorial uses a lot of memory. To avoid problems, Macintosh users 
should allocate more memory to the Theorist application.
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Create a new notebook and enter the Lorenz equations as shown below.

□ 3 -x  = -iO* + iQy 
d£

—y = 2Bx-y-xz  
d f

C V  =  " - 8 *

Clarify and declare t as a variable. Select all three differential 
equations, then choose ManipulateKTable^ Integrate Differential 
Equation.... In the big dialog, change the range of values and points 
as shown below.

Independent Uariable

i'iii Integrate the differential 
if!!! equation using 4th order Runge-Kutta ▼  !

—x = -10* + iOv 
dt

Integrate this 
differential 
equation for 
these values 
of the t 
variable.

with 1001

separated by

30

points total,

0.03

Cancel OK

In the following dialogs for initial values, use 0 for x, 1 for y, and 0 for z. 
After integrating, Theorist makes a table below each of the three 
original differential equations.
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Exercise

To draw a three-dimensional parametric graph, make sure each table is 
selected and choose GraphtOthertH = f(t), y = g(t), z = h(t) Space 
Curue . (Accept the defaults in the axis variables dialog.)

For entertainment, change the final time of the system. Change the 
initial conditions. Change R. (R = 100.5 is a stable periodic solution.)
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Matrices and Linear 
Algebra
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B a s ic  M a tr ix  O p er a tio n s

Numeric
Multiplicat
ion

Symbolic
Operations

This tutorial shows:

• Matrix addition
• Matrix multiplication
• Operations between matrices and scalars
• Symbolic and numeric operations

To enter a matrix in Theorist, use commas to separate elements and 
semicolons to separate rows. Make a new assumption and type 
(1,2;3,4)*(5,6;7,8). This gives you:

□f l  2 'I 
34

f s e ' i
78

Now, select both matrices together and click 1|«| (or choose Calculate 
from the Manipulate menu).

A fl 2)(5 6) '19 22'

CO if* CO (43 soj Cf&lczilttfe

Theorist can also multiply symbolically. Change the 2 in the first 
matrix to an x. Then select both matrices again and this time click 
(or choose Enpand from the Manipulate menu).

A
/  4 \1 X '5 6" '7x+5 8x+6"

CO [ i s j ( 4 3  50 J Expand

Theorist considers a scalar (a non-matrix, single number) the same as a 
diagonal matrix. Type llf°turni (l,2,3;4,5,6;7,8,9)+x.

'1 2 3 '
□ 4 5 6 + »

(7 8£>J

252 Theorist Learning Guide



Select the expression (by double-clicking on the plus sign), then Expand 
it (Simplify is not strong enough to do this):

A
(1 2 3 ' f x  +  \ 2 3 '

4 5 6 + x = 4 £ + 5 6

V 8 9 J I 7 8 k + 9 ;
Expand

It’s as if  the x turned into x times the identity matrix. You do not have 
to make up an identity matrix; Theorist automatically helps out in this 
situation.
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M a tr ix  In verse

Recall thatA is the 
symbol for expo
nentiation.

The (multiplicative) inverse of a matrix can be found in several ways. 
You could use division, but in this case we will follow the typical 
notation of raising the matrix to the -1  power. Note that the matrix 
operations can be applied directly to the matrix itself or, as shown here, 
to a symbolic name which represents the matrix, e.g., A, B, etc.

Let’s begin by typing A=(l,2,7;3,2,5;6,9,4) to create this named matrix:

A =
12 7)
3 2 5
694/

Clarify the notebook and declare A to be an M-Linear Operator, the 
category in Theorist which includes matrices (see the Theorist 
Reference Manual for more details):

Now make another proposition for the inverse of A, by typing llre>urnl AA-1. 
Drag the first equation, the one which defines A, into the expression for 
its inverse, like so:

After substituting, select the right-hand side (you can click slightly 
below the -1  as shown by the cursor below).

Click (or choose EHpafld from the Manipulate menu).

( -3 7  55 -4 1
18 -38 16 
15 3 -4

Expand
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Numeric
Solution

Exercise

Now Expand once more to continue the multiplication process.

AA_1 =
37 55 1

" l 0 4 m ” 26
9 19 2

52 " 5 2 13
15 3 1
m 104 26

Expand

Calculate can also be used when computing the inverse of a matrix. 
Generally, Expand is used for operations involving symbolic matrices 
with variables or irrational numbers, and Calculate is used for numeric 
operations. To illustrate this, select the definition for the inverse of A 
as shown below.

□ o p

Now click djj) (or choose Calculate from the Manipulate menu). 

-1
f -0.35577 0.52885 -0.0384621

0.17308 -0.36538 0.15385
0.14423 0.028846 -0.038462

Try putting a variable x into one of the elements of A and then find its 
inverse.
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G en eral L in ea r  System s

In Theorist, as in mathematics generally, there is rarely only a single 
method for solving a problem. The methods for simultaneous linear 
equations described previously in the Algebra chapter are fine if you 
only have a few equations, but they can get complicated and tedious if 
you have larger systems with more variables. Consider this system of 
equations:

5x + 6 y - z  + w = S 
2x + 2y + 4 z - w  = 7 

-  4x + Sy + 9z + 12w = -  4 
y + 3z -  w = 0

The easy way to solve this with Theorist is to express the system as a 
matrix equation. The solution is found by taking the inverse of the 
coefficients of the variables. As an application of matrix inversion, this 
method only works with systems that have the same number of 
equations as unknowns.

In a new notebook, type (5 ,6 ,-l,l;2 ,2 ,4 ,-l;-4 ,3 ,9 ,12;0 ,l,3 ,-l)(x ;y ;z ;w ) 
=(3;7;-4;0). Clarify the notebook and define w as a variable, which 
leaves you with the following.

r 5 6 -1 1 'j/  > 
X f 3 •

2 2 4 -1 y 7
-4 3 9 12 z -4

u 1 3 w L o J
□

Now, simply select and Isolate to solve for the vector with the variables. 
(You can choose the Isolate menu command or palette button or 
keystroke, or drag to the icon as shown below.)

f 3 'I 
7 
-4 
0

f 5
6 -1 1 )

2 2 4 -1
t - 4 3 9 12
1 o 1 3 - l j
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Note the matrix inverse in the resulting equation:

A

f  \
X

y
z
w

' 5  6 - 1 1 ' - 1 00

2 2 4 - 1 7
- 4 3  9 12 - 4

O CO 1 I  o J
Isolate

Then, you may Expand twice, for symbolic algebra answers.

A

f 35
8

X 123
y 40
z 53

w , 40<r
9

I io

Expand

Or you may Calculate, for numeric answers. As you might expect, 
Expand is usually slower than Calculate.

A
/  \ 

X f 4 .375 '
y - 3 . 0 7 5
z 1.325

I  0-9 J
Calculate.
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D eter m in a n ts

The I character is 
ĵ hib TH  (backslash) 
on most 
keyboards.

You can easily evaluate a determinant using Theorist, as this tutorial 
demonstrates.

Start by turning off Auto Simplify by choosing flllto Simplify from the 
Manipulate menu’s Preferences submenu.

Type Ba(2.3.5:4.1.5:7.3.41 If^l IB. (Theorist provides the closing 
absolute bar.)

□  5  =

□  1*1

( 2 3 5 }  
4 1 5 
7 3 4

Clarify and declare B  as a M-Linear Operator. Drag the equation 
defining B  into the expression for the determinant of B, like so:

This produces the following.

'2 3 5'

1 * 1 - 4 1 5 Substitute
(7 3 4j

Select the matrix (with its bars) and Expand or Calculate.

A
A

B

B

= 2 ( 1 4 -  3 5 ) - 4 ( 3 - 4 -  3-5) + 7 (3 -5 -1 -5 )
_  0 0  Calculate.

Expand
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I f  we had not turned off Auto Simplify, the substitution would have 
been automatically simplified to IB  I = 60.

Note Remember that determinants can only be calculated for square 
matrices. If  the matrix you select is not square, you will get a warning 
message from Theorist.

Error

© f2 4 5 1) 
4 2 5 3  
7 3 4  7

This matrix must be square if you uiant its determinant or 
inuerse.

OK

I
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S im ple L in ea r  S ystem s

Whenever you have multiple equations with multiple unknowns, the 
general strategy is to eliminate variables one by one until you have just 
one equation in one unknown. Then you solve it. To eliminate a vari
able, take any equation, solve for the variable you want to eliminate in 
terms of the others, then substitute it into all the rest of the equations.

Enter these two equations:

0  2 = 3>C + 4t/ 
y |  5 = 6x;-7 y

This is a traditional “two linear equations in two unknowns” problem. 
This tutorial shows you how to solve and manipulate equations with 
Theorist by walking you through this set of equations.

First, select the x in the first equation, and drag it as described in the 
Manipulating Equations tutorial to isolate it.

0 2  = 3>c + 4 y
A H B

0 5  = 6 x - 7 y

The next step of the derivation is to take the first equation (now rear
ranged as a conclusion) and plug it into the second equation. Make 
sure the equation for x is selected; if it isn’t, click on its equal sign to 
select it. Press and hold the ED key (Macintosh) or jj§| key (Windows).

0 2  = 3>c + 4 y

a h h h
□  5 = 6 x - 7 y  ^
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Drag it over the x in the bottom proposition, like so:Q2 = 3x + 4 if

When you end the drag by releasing the mouse button, the substitution 
is performed.

Now that you have one occurrence of y, you can solve for it by using 
Isolate, but this time do it by hand. First select the y and then hold 
down the 0 0  key (Macintosh) or O  key (Windows) as you drag the y to 
the left, until it is over the conclusion icon, and release the mouse 
button:

Substitute your answer into the second equation from the top to get an 
equation for x.

With the last conclusion selected, click (or choose Elipand from the 
Manipulate menu) to combine the two y’s:

A M n a a m

This yields your answer for y:
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Exercise

Exercise

Exercise

Your answer is already selected, so hold down 
the location shown below.

n—ni. aixu u r a g

This gives you:

Q  2  =  B x  +  4 y

A *  = iC-E
0 5  = Q x - 7 y

£\, 5 = 2 ( - 4 y  2)- 7 y
£ 5  = - 1 5 e/+ 4

A

Substitute these answers for x and y into the original equation. Prove 
that it works.

Use multiple selections to make your work easier. Redo the last exer
cise by first selecting both the equations for x and fory, and by dragging 
them over the proposition icon (not the variables themselves) of each 
target equation.

Enter the following two equations and solve for x and y.

a  = 3x + by 
c= p x +  9y

The methods described previously are fine if you only have a few equa
tions, but can get tedious if you have many linear equations. Consider 
the following system of equations.

5x + 6 y - z  + w = 3 
2x + 2y + 4 z -w  = 7 

- 4 x  + 3y + 9z + 12 w = -  4 
y + 3z -  w = 0

Solving this would involve moving around several equations and 
plugging everything into everything and would be really tedious. The 
easy way to do it is to make it a matrix equation as we did previously in 
this section’s General Linear Systems tutorial.
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E ig e n v a l u e s

Theory
Digression

Do not enter any 
expressions yet.

Creating a 
Matrix

This tutorial describes how to work with basic Hilbert matrices and 
determine their eigenvalues and eigenvectors. The tutorial provides a 
discussion of:

• Creating and manipulating matrices and vectors
• Finding eigenvalues and eigenvectors
• Using the Auto Casing option to see all solutions to a 

manipulation

The eigenvalues and eigenvectors are the solutions of the equation 
Mv = Xv where v is a vector, M is a matrix, and A, is a scalar. Given M, 
we will first find the eigenvalues X and then find the eigenvector v 
which accompanies each eigenvalue X. To find X, we must solve 
| M  -  XI | = 0 . In Theorist, you do not use the I  identity matrix because 
Theorist treats scalars as diagonal matrices.

Given a matrix M, there are certain vectors v which, when transformed 
by M, remain pointing in the same direction (although the length may 
change). These are called the eigenvectors (or characteristic vectors) of 
the matrix. The factor of change in the length is the eigenvalue 
(characteristic value) of the matrix, corresponding to that eigenvector.

Also notice the length of v is arbitrary. If  a given vector Oj is an 
eigenvector, then so is -51^. This fact will become important.

Our first step is to enter a Hilbert matrix. A Hilbert matrix has a 
regular pattern to its components as follows. Type Mas and choose the 
3x3 matrix button from the functions palette’s pop-up matrices sub
palette, which gives you:

Q M  =
[ i i i  J

Select the entire matrix by clicking ^  or typing 010£3- All the ques
tion marks highlight as a single block. Now click £9® (or choose Select 
In from the Edit menu) for nine individual selections.

Next, type 1/1+ and all the selections are entered in unison.
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From the Notebook menu’s Insert submenu, choose Row/Column 
Number. . . ,  which brings up the Insert Index dialog.

Finding
Eigenvalues

Insert 1 ndex • — = 

Insert the Row or Column index in this
matrix:

(D Row Index
O Column Index
O Row + Column
O Row -  Column 
O Column -  Row Cancel ]

starting from: EZ3 1 °K I

Click the button for Row Index and make the starting number 1. 
(These Eire the defaults, so you can just click OIC.) The row numbers Eire 
inserted in the matrix.

Type + then choose Notebook^I nserURow/Column Number... 
agsun. In the dialog, click the button for Column Index, make it start at 
1, and click OK. You now have a Hilbert matrix.

(

Q M  =

1 1 1
1+1+1 1+1+2 1+1+3

1 1 1
1+2 + 1 1+2+2 1+2+3

1 1 1
1+3 + 1 1+3+2 1+3+3

\

Select the whole equation by dragging over it or clicking on its equal 
sign. Hold down the GO and IMH keys (Macintosh) or (El and O  keys 
(Windows) simultaneously as you double click on the equation. After 
you declEire M as an M-Line£ir op, Theorist gives you:

□  M  =

n
3 4 5 
1 1 1
4 5 6 
1 1 1 

V5 6 7 }

You will recEill that in order to find the eigenvsdues, we must solve the 
equation | M -  XI | = 0 . Make a new assumption and type I (M-'l 0  =0.

□  = 0
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Finding
Eigenvectors

Choose Clarify from the Notebook menu and declare A. as a variable.

Substitute the simplified lM =’ matrix equation into the M  of this new 
assumption:

0) SsbA =°

.so you get:

A
A i n

3 4 5
1 1 1 - k
4 5 6
1 1 1

\ 5  6 7 /

= o

Expand it a couple of times:

Select the polynomial (the expression on the left side of the equal sign) 
and Factor it. When you get a factor dialog, specify that you want a 
numeric answer.

£  -  ( X - 0 . 0 0 0 2 1 2 7 4 ) ( X - 0 .0 1 8 9 2 6 ) ( X - 0 .6 5 7  0 5 ) = 0

Turn on the fluto Casing option from the M anipulate menu’s 
Preferences submenu. Take the first X in the factored result and 
Isolate it.
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These case theo
ries appear side- 
by-side on your 
screen, but you 
can arrange them 
like this if you 
wish.

O jQ (A -0.018926)(A -0.65705)*0  
Q k  = 0.00021274

OjQ(A-0.018926)(A-0.65705) =0
A °  = °

Create two new assumptions underneath these two theories. In the 
first new assumption, type M*v='l*v. In the second, type vs(a;b;c).

Clarify the notebook and declare v as an M-Linear op. (The names a, b, 
and c are declared by Theorist in the New Notebook.) Substitute the 
whole v equation into the Mv = Xu equation,

.. .which gives you:

(a) (a)
b

C<II b
<c j <CJ

Now, from the first case theory, Substitute the equation 
X = 0.00021274 into this new equation. ________________ ____ _

O J O  (A.-0.018926)

A
T o *

E 2

] 6

i i i

The following new conclusion appears within your case theory:

A  m
(a) fa)

b = 0.00021274 b
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Now take the first proposition at the beginning of your notebook,

Q M  =

( I  i i \
3 4 5 
1 1 1
4 5 6 
i I 1 

V5 6 7 J
.. .and Substitute it into the recent equation in the case theory:

(a) (a)
d ^ b = 0.00021274 b

/

.which gives you:

A
A l  A

3 4 5
1 1 1
4 5 6 
1 1 1

V5 6 1J
\ ° J

= 0.00021274
J

Select the expression to the right of the equal sign, and choose from 
the palette’s pop-up sub-palette (or choose M o lp b  Over from the 
Manipulate menu’s Other submenu).

£ - 0 .0 0 0 2  1274
J

3 4 5
1 I  1
4 5 6
1 I  I  

Vs 6 l j

f a >

J

=  0

Expand it and you end up with a vector like this:

f 0.33312a+l& + l c )  4 5
A  ia+0.199796 + | c  L-> 4 6

, Ict+l£>+0.14264c , 
V5 6 /

=  0
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These are three equations in three unknowns, all locked into one. To 
separate them out, select the top sum in the matrix and Isolate it.

A  0 .3 3 3 1 2 a + i & + i e  = 0 <—> 4 5

Now Isolate the second row of the matrix.

At this state of the calculation, there is a catch: the three equations are 
not totally independent. There are really only two good equations and 
the third is redundant. Therefore, your ‘answer’ has an extra ambigu
ity which translates to an extra degree of freedom. You will recall that 
the length of an eigenvector is arbitrary.

So what we are really doing is finding ratios between a, b, and c. We 
can make our work easier by just declaring c = 1. Create a new as
sumption, type c=l, and select it. Shift-drag over the c ’s in the last two 
conclusions you derived...

A 0 .3 3 3 1 2 a + i 6 + i g  = 0 

^  l a + 0 .1 9 9 7 9 6 + lg  = 0

□ B
.. .then choose from the palette’s pop-up sub-palette (or choose
Substitute from the Manipulate menu’s Other submenu) to do a 
simultaneous substitution to eliminate c.

A 0.33312a+ U  + le = 0<—> 4 5
A  0.33312a+16+1-1 = 0
<—> 4 5

A  +0.199796+le = 0<—>4 6
A l a + 0 1 9 9 7 9 6 + l ' l  = 0<—>4 6

Now we have a straightforward problem with two equations in two 
unknowns. Take the equation 0.33312a + 1/46 + 1/5 = 0 and solve for a  
by isolating it. Expand the answer.

£ c e  = -0.750486-0.60038

Take the resulting equation and Substitute it into a  in the second 
equation.
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Expand the result. Isolate b.

Q b  =  - i . 3 6 1 9

Substitute it into the b in the equation for a,

(\>a = -0 .7504jSfi=tf:'6003^

.which gives us:

Q a  = 0 .4 2 1 6 9

Now we will substitute the answers for a, b, and c into our vector. You 
can do them all at once by Shift-clicking on the equal sign for each 
answer, then 0 0 -dragging or HO -dragging them over the proposition 
icon of the destination equation.

f s i1 BHLthi — 1
IH J

This results in the following equation.

A *  =
( 0.42169  ̂

-1.3619 
1

This is your eigenvector to go along with that eigenvalue. 

Make a multiple selection of the following three equations.

A 0 =
f 0.42169 \ 

-1.3619
I 1 )

□
f  1 1 1A

3 4 5
M  = 1 1 1

4 5 6 
1 1 1 

V 5 6 7 /

A A. = 0 .0 0 0 2 1 2 7 n
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Exercise

Substitute the selection into the Mv = 'kv equation.

A
( I  1 1>

3 4 5 
1 1 1
4 5 6 
M l

\ 5  6 7 /

^ 0.42169 > f 0.42169 ^
-1.3619 = 0.00021274 -1.3619

I 1 ) t  1 J

Select the right side of the equation and choose $  from the palette’s 
pop-up sub-palette (or choose Moue Ouer from the Manipulate 

menu’s Other submenu). Expand the result.

A
/ - 1 .1 7 2 3 xlCT17̂  

4 .1 2 xl(T18 

3 .1 1 7 1 xlCr17 J
=  0

The numbers in scientific notation are caused by round-off error and 
are all effectively zero.

By following a similar process in the other case theory, you can find the 
eigenvectors of the other eigenvalues.
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Fo u r ie r  T r a n sfo r m s

The Fourier Transform is an analysis of the frequencies present in a 
given input signal. The output function has a spike for every frequency 
that is strongly represented in the input function. Complicated input 
signals can lead to multiple spikes or complicated spectrums. Whereas 
the input signal is considered to be in the time domain (it is usually a 
function of time or perhaps distance), the Fourier Transform is 
considered to be in the frequency domain (it is usually a function of 
frequency or perhaps wave number).

Theorist can calculate the Fourier Transform of a table of data. The 
Fourier Transform and Inverse Fourier Transform commands are easily 
applied to a table of data. Simply select the desired table(s), then 
choose Fourier Transform from the Manipulate menu. (The table does 
not need to be named.) After the Fourier Transform is calculated 
(which may take a while depending upon the size of the table), a new 
table is created with the results of the Fourier Transform in it.

The first entry (at frequency 0) in the resulting table is the constant 
term, essentially an average of all values in the input table. The second 
entry is the strength and phase of the longest sinusoidal wave 
component, where one wave stretches the length of the entire input 
table. The second entry describes the frequency that can fit two waves 
into the width of the input table. The following entries represent 
higher frequencies.

The result of a Fourier Transform is usually a complex-valued table, 
because each component is not just a magnitude but also has a phase. 
All of this information is needed to reconstruct the original table using 
the Inverse Fourier Transform manipulation, which transforms a 
Fourier Transform back to the original function, to within round-off 
error. (Real-valued input functions always result in a conjugate 
symmetric Fourier Transform; the duplicated information is not 
superfluous but is needed to reconstruct the original purely real signal.)

Theorist uses a Fast Fourier Transform (FFT) algorithm to calculate 
Fourier transforms.
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Signal with a 
Constant and 
Cosine Terms

When taking the 
Fourier Transform 
of a table, you 
should always try 
to make the table 
have a power of 
two number of 
entries (e.g., 32, 
64,1024, etc.). If 
the table does not 
have a power of 
two entries, 
Theorist pads out 
the table to the 
next highest 
power of two.

By definition, a signal with a constant magnitude (no change in time) is 
composed of a real part with zero frequency. The magnitude of the 
constant signal is equal to the original magnitude. A signal composed 
of a cosine of a single frequency, when transformed, has two spikes: one 
at the frequency of the original frequency with a magnitude of one half 
the original amplitude, and another mirror-image spike.

To show this, we will use Theorist to illustrate the linearity property. 
In this example, we will create a table with the desired input signal, 
then calculate the FFT of the signal.

Create a new notebook and enter the following proposition.

Q  1 . 7 5 + CO s ( i )

Select the expression and click the =||||! palette button (or choose 
M an ip u la te tT a b leF G e n e ra te . . .). Deciare the undefined name t as 
a variable in the declaration dialog. In the New Table dialog click OK to 
accept the defaults.

The resulting table looks like:

Hill} Tabulate [[with

Now we are ready to take the Fourier Transform of this signal. Choose 
M anipulate+TabletFourier  Transform . The results of the Fourier 
Transform are shown below. (On a color screen, the spikes are shown 
in color.)

iiliil Tabulate §w ith

Click on the table details button to see the contents of the table.
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Proper Syn
chronization

Fourier
Ambiguity

Hill Tabulate ?with
i 1

| Save Load Copy Paste
dom ain:
points:

0
64

9.8438  
inc: 0.15625

range: -0.0063396 1.7662

0
0.15625
0.3125
0.46675
0.625

1.7682 0 
0.5035 -0 .028903  
-0.0063398 0.00073052  
-0 .0023349 0.00040604  
-0 .0012248 0.00028647

9.375
9.5312
9 .6675
9.6436

-0 .0012248
-0.0023349
-0.0063398
0.5035

-0.00028647
-0.00040604
-0.00073052
0.028903

Note the value of the first frequency has a magnitude of 1.768, close to 
the original value of 1.75. Why is the first number 1.768 instead of the 
original 1.75? The second, or lowest, frequency has a magnitude of 
0.503, approximately half the original magnitude of the cosine term. 
Why is this not 1 as you might expect? Because it is split into two 
halves due to Fourier ambiguity.

You may be dissatisfied that the resulting numbers seem to be so inac
curate (e.g., the 1/2 came out as 0.5035 instead of 0.5000). This is 
mostly because the original function had a cycle time that was a bit 
shorter than the length of the table. To get better results, recreate the 
input table, and change the high end of the domain from 6.3 to 
6.283185307. (Or better yet, Calculate 2tc, copy the digits, and paste 
them into the dialog.) Also, change the number of values in the dialog 
from 64 to 65. (We want both the starting and ending value to be at the 
same location one cycle later; the table consists of one cycle plus one ex
tra value.) Open the table details and change the 65 to 64. Theorist 
automatically adjusts the ending value to be 2n minus one increment. 
To see this, close the table and take the Fourier Transform again, then 
open the details of the resulting table.

Notice there is a spike at 0 and a spike at .15915 for the main sine 
wave, but also another spike at the high frequency end. This is an in
trinsic ambiguity inherent in Fourier Transforms. There are two ways 
to look at it.

One way is to say that a cosine has two components, eF and e-**, and 
they are the two components you see. The result of the Fourier 
Transform could have gone from -n  through n, where n is the Nyquist
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Inverse
Fourier
Transform

frequency. Then, the sine wave comes out as two spikes: one at the 
positive frequency and a mirror image at the same negative frequency. 
As it turns out, in Theorist it goes from 0 through 2n, so the negative 
spike comes out at the high frequency end.

The other way of looking at it is imagining a cosine wave in a table 
where the domain covers the x values 0, 1, 2, ... 100. The frequency of 
the sine wave is 1/100. The Fourier Transform should have a spike at 
0.01, which is the first entry past zero.

Now, imagine a cosine wave that had a frequency of 1 = 100/100, with 
one wave per value. Tabulated, it would look like there was no wave at 
all, that it had a constant value of 1 at frequency 0. This is an artifact 
of digitization that cannot be avoided unless you digitize at a greater 
density of points.

Now, imagine a sine wave that had a frequency of 99/100, almost as fast 
as 100/100 but not quite. If you tabulated the resulting wave, the 
tabulated numbers would look just like a wave that was 1/100 in 
frequency.

In fact, the 99/100 frequency entry in the Fourier Transform is the 
same entry as the -1/100 frequency entry. Theorist arranges them all 
starting at zero.

If you take the transform of a real function, you always get a symmetric 
transform like this, where the two halves are mirror images of each 
other. (They are equal, but complex conjugates of each other, which can 
lead to some interesting colors when plotted in Theorist.)

Select a table that you made with Fourier Transform then choose 
M a n ip u lateFT ab leH n u erse  Fourier  Tran sform . Note the final 
table looks very similar to the original table. The result is sometimes a 
complex table, so on a color screen, the snapshot shows up in yellow and 
blue. Only round-off error precludes making it a real table and 
recreating the original table exactly.
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Q  i.7 5  + cos(i)■■mi
!!!!!; Tabulate ?with

si!;!! Tabulate ?with

is!!!! Tabulate ?with

This applies to both FFT and Inverse FFT.

For large tables (more than one thousand entries), the time to calculate 
an FFT starts to become noticeable. Even more noticeable is the time 
to save a notebook containing several large tables.

Exercise Try calculating the following functions, then take their Fourier 
Transforms. Use default table settings.

sin (a:2)
sin (sin (sin (x))) 
*  -3 .1 5

(sin (*))5 
(sin (5c))50 
(sin (*)) 
(cos (*))

51

50

sin(1000(tf2 + jc))
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B essel Fu n c t io n s

Bessel’s differential equation is given by

x 2y" + xy' + [x2 -  v2) y = 0 (1)

where the parameter v is a particular number and the ' (prime mark) 
denotes differentiation with respect to x. Usually v is an integer or 
possibly a rational number. In Theorist, v can be any real number. 
Bessel’s differential equation shows up frequently in investigating a 
wide variety of physical problems including heat transfer, quantum 
mechanics, and vibrations.

The solution of (1) is known as the Bessel function o f  the first kind o f  
order v. If v is not an integer, a general solution of Bessel’s equation for 
all x *  0 is y = A J v(x) + B J_ y(x) .

Bessel functions o f  the second kind o f  order v are given by Yv (x) . In 
some references, they are called Neumann’s function and denoted by

Integer values of v are frequently denoted by n, which is a common 
case. A complete solution for Bessel’s differential equation for integer v 
is given by y = A J n(x) + B Yn (x).

Modified
Bessel
Functions

Using Bessel 
Functions

Another differential equation similar to (1) is

x2y" + xy '-  (x2+ v2) y = 0 (2)

One solution of this differential equation is the function 
J v(x) = i~vJ v(ix) , i = S=1, called the modified Bessel function o f  the first 
kind o f  order v . Another solution of the differential equation (2) is the 
modified Bessel function o f  the second kind. This function is

Ky> = 2 sin(v7t) [7"v M  ~ /v

Any of the Bessel functions previously described are known to Theorist 
and may be used by just typing their names. For example, if we want 
to graph the first two orders of the Bessel function of the first kind, J, 
we would do the following.

Advanced Tutorials 277



Early versions of 
Theorist did not 
have predefined 
Bessel functions; 
they were in 
notebooks

Airy
Functions

=  4 ? )

O ' =
Choose Clarify from the Notebook menu, which brings up the name 
declaration dialog. Click OK to accept the default definition for J ,  a 
predefined Bessel function. Make y' a variable.

Now we are ready to graph the Bessel functions. Select the first 
equation to be graphed, y = Jo(x), then choose Graph^y = f(H)^ 
Linear.

To add the second equation y' = Or) to the graph, select it, then choose 
Graph t  Additional t  Add Line Plot.  Accept the default graph 
variables. Change the domain and range.

Create a new notebook and enter the following propositions.

The solutions of the second-order linear differential equation

u"-zu  = 0 (1)

are called Airy functions, which are closely related to Bessel functions. 
Two linearly independent solutions of (1) are

Bi(2) ■ (f)172 [7-m ( n r ) +Im ( ^ —)]
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These are called the Airy functions of the first and second kind, 
respectively. Both of these functions are predefined in Theorist.

In the above graph, Ai(#) is shown with a solid line style and Bi(jc) is 
dotted.
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T ra n sfo rm a tio n  R ules

Auto Simplify is 
off for this 
example.

Wildcard
Variable
Guidelines

It's not just a good 
idea, it's the law!

This chapter explores the extensions that you can create to Theorist 
using Transformation Rules in conjunction with wildcard variables. 
These rules can be designed to execute in situations that you describe, 
thereby giving you the power to compress several hand manipulations 
to a single command manipulation.

Because there is an infinite number of mathematical formulas, Theorist 
provides a set of programmable rules. You have full power to program 
these rules and apply them at your convenience. Here is an example of 
a typical rule:

Upon | Transform ’T' | transform  cosfg} into 

cos(o)cofi(^)- sin(o)Bin{^)

The rule is easily understood: upon the Transform command (from the 
palette or Manipulate ►Special submenu) it transforms the cosine of the 
sum of SS and according to a well-known identity.

There are two things to notice in the above example: the use of the 
wildcard variables se and and the Transform pop-up menu. Wildcard
variables allow you to use expressions as arguments. For example, if 
you have:

Q  c o s ( 3 i + 2 l l )

...Theorist treats 31 as ss and 2n as $>, when the Transform command is 
executed, transforming them into:

Q  cos(3£ +  2 n )  = cos(3J)cos(2it)-sin(3i)sin(2n)

Be careful how you use wildcard variables; they have to correspond to 
the class of entities they represent:

m through b  match any constants, excluding matrices 
$ through m match any positive integer (e.g., 3,1042, but no names)
<© through qi match any expression including matrices and operators 

through 2  match any expression of class variable or constant
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Making a 
Rule
Method #1

Type ? followed 
by a letter to make 
wildcards.

Making a 
Rule
Method #2

Auto Simplify is 
on for this 
example.

The Transform pop-up menu has two other options, Simplify and 
Expand. With this menu, you can choose whether the rule is activated 
when you do a Transform manipulation, when you Expand, or when you 
Simplify.

At this point you know enough preliminaries, so you can enter some 
rules. First, choose Transform  Rule from the N o t e b o o k  menu’s 
Insert  submenu. You get:

Q U p o n

Enter the first part of the rule,

j  (sin

.. .into the left ?, then select the right ? and enter the second part of the 
rule,

4? sin (2o jg)
2 4©

In this case, © is a constant and is a variable.

Transform transform  g into ?.

There is another way of teaching Theorist this rule. Delete the previous 
rule (to avoid confusion later) and enter the following equation.

□|(sinM )2rfs =|_sin̂ s )
Select the equation and issue the Transform rule command again.

-----------------------1 [ f  - r -i%2 » ®  sin(2o$&)
Upon Transform | transform  J ^SinjgJSSj} into —------- i ——

To test the rule, enter the expression:

Q  | (sin[& 2r])2cf2r

Click on the integral sign to select the expression and click from the 
palette (or choose Manipulate^Spocial^Transform).

A  J (sin|>])26J2r = -  ̂ sin(lO^) + lz
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O f course, the 
choices depend 
on the selection 
and the transfor
mation rules in the 
notebook.

If you prefer, use the Transform pop-up menu to change the rule setting 
so the transformation is performed whenever you Simplify. Do this
now. Click on the integral sign and click (or choose Simplify from 
the Manipulate menu), and Theorist gives you the correct result, same 
as the last one.

Whenever you give Theorist more than one transform for the same 
thing, it puts up the following dialog.

[rav:."'i ; ' Please Choose

F B
This enpression can transform into more than one possible result. 
Please click on the desired result:

1-(C O S[0])2

l(-cos[20] + l)

[ More...11 -i Back...1 L---------------------------------------------------------/ Cancel
i — .................................. ................: ....................................— — ...................................... ............. , — --------------- — j

From this dialog you can choose the appropriate answer. (A previous 
tutorial, the Complicated Integral, makes use of this feature.)
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C h eb ysh ev  Po ly n o m ia l  
G en er a tio n

Theory
Digression
(do not start yet)

Now you can 
start.

Use II ** iF l 
(underscore) to 
enter subscripts.

This tutorial presents an example of Transformation rules concerning 
the generation of Chebyshev polynomials. The tutorial describes:

• The theory of Chebyshev polynomials
• Creating equations that describe the Chebyshev induction
• Changing these equations into Transformation Rules
• Directing these rules to execute as part of the Simplify 

manipulation

Chebyshev (sometimes spelled Tchebychef) polynomials are a set of 
orthogonal polynomials used to solve differential equations. The norm 
defining orthogonality is:

Tn(x)Tm(x)

Given that:

T0(x) = 1 
2]Or) = x
Tn(x) = 2 xTn_ iCr)- Tn_2(x)

.. .we will derive the rest of the Chebyshev polynomials.

Start with a new notebook and save it with a filename of your choice. 
Save it often as you do this tutorial. Consider using AutoSave.

First, enter the three equations shown above. When you enter the n’s, 
don’t just type n—instead, type ?n or choose m from the variables 
palette’s pop-up subpalette of wildcards. The m is a wildcard variable 
which matches any integer. We need this because the third equation, 
the recurrence relation, is used later to generate others.

Advanced Tutorials 283



□ W  =  1

□  T x( x) = x
□  r B ( * )  =  _ j  ( * ) - r a  _2 ( * )

Clarify the notebook and Declare T  as a function.

The next step is to derive the answer for T 2(x). First, enter T2(x), then 
substitute the recurrence relation over it:

After you enter the equations, you have:

□
Note that the answer matches:

Q  T2(ar) = 2ar (*) -  (*)

The m matches the 2. Since this gives T 2 in terms of T 1 and TQ, we need
to substitute them in, too. Select the first two equations by Shift- 
clicking, then Substitute them over your new equation.

□
□ BTOB3
QT (*) = 2 xT_ jW-T _2(*)
C .....|
jS irp)S = 2 x

f
r,(*)flr0(*)

This yields the answer:

Q  T 2( x )  = 2 x 2 - 1  Satet&ut*

Now, move the last conclusion up under the T 1 equation.

g p - 4  _2 {x)
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Make a new assumption for T 3(x). Substitute the recurrence relation, 
then substitute the equations for T x{x) and T2(x) into the resulting 
conclusion. Repeat by making T4(x), substituting the recurrence 
relation, then substituting T2(x) and T3(x).

o u
□ r l (

A T2(*

A ^ (

=  1

=  X

-  2x2 — 1 Subst&wtz

-  2(2x2 -  l ) x - x
-  -  2x2 + 2(2[2ar2 -  i] x -  #) x + i

Expand (in place) the right sides of the T3(x) and T3(x) equations. By 
mathematical induction, you can generate all Chebyshev polynomials.

□ W  =  i

□  T x{x) = *
A ^ C * )  =2ar2- i  

y 3(sr) = 4ar3 -  3ar

A ^ W  =  8 * 4 - 8 a r 2 +  l

Yes, the mathematician says you can generate all Chebyshev 
polynomials that way. The engineer, however, says “I’m sick of doing 
this. Isn’t there an easier way?” The answer is ‘Y es”.

Delete your hard-earned equations, except for the original three. Select 
each by Shift-clicking their equal signs.

□ M B  
C M =  X

Choose T ra n s fo r m  rule from the N o t e b o o k ► I n s e r t  submenu. 
Theorist generates three transformation rules. Use the pop-up menus 
in the rules and change them from Transform to Simplify:
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Q  Upon | Simplify ^  | transform PgO^) into 1.
□  r t(y) = y
Q  Upon [ Simplify ^  | transform T (̂ar) into ar.

O r B(*)-a*rB _1M -r B _2(*>
Q  Upon | Simplify ^  | transform 2 ^ (ar) into 2 x T ^  _ j (ar) - T

Now, click some white space outside the propositions so nothing is se
lected. Make a new assumption and enter T7(x). Select and Simplify it. 
With the Auto Simplify preference on, Theorist repeatedly simplifies 
the expression, iterating the transformations up to ten times before 
quitting. (If you have to calculate T^{x), it’s not much more work to 
simplify three times.) Expand the result, and you get the final answer.

Q T7(x) - S4rX7 — 112oc5 + 56SC3 — 7a:

Important Note

Exercise

Theorist looks for transformation rules from the top down, so it is 
important to have the rules for specific cases before those for general 
cases. When general cases match first, specific cases are not applied, 
resulting in things like T_x{x).

The Legendre polynomials can be generated from the rules:

P0(*) = l
P1 (x) = x

Pn(x) = Xpn^ ( x) - B ^ l p n_ 2(X)

Go for it.
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La pla c e  T  ra n sfo rm s

See the Reference 
Manual's Appen
dix C  for a list of 
files and director
ies included with 
the Theorist disks.

Clarify removes
unnecessary
parentheses.

Using the Laplace transform method, the following differential equa
tion and its associated initial conditions will be solved using Theorist.

y "+ 2 / + y  = 1 /(0) = 2, y(0) = -2

Open the Laplace Transforms notebook file which you will find in the 
Mathematics directory included with the Theorist disks. This notebook 
uses Notebook Font settings with a small font size for compactness. If  
you like, you may increase the font size for readability. Choose 
N otebook t  Windows  ̂ P a le t te  so we can get a function name from 
the palette later. Choose M a n ip u la te ^ P re fe re n c e s^ flu to  Casing  
to turn it off to avoid unwanted case theories.

Enter the above differential equation into Theorist by typing 
Derivative(x) 0 A2 0  *y+2*Derivative(x) 0  *y+y=l.

□f d  Vy+ 2—y+y = i 
dx

Now we must enter the initial conditions into Theorist using a special 
notation convention. The nth derivative at x = 0 is represented as ŷ n 0). 
So you type lHurnl y_0,0 0  0  -2 ,  then type Ih-H y_l,0 0  0  =-2.

O<ao) 
(1, 0)

  UJ, W  ^

O f  -  =  - 2

Now we are ready to solve this problem. Click on the equal sign in the 
differential equation, then click (or choose S e le ct  In from the Edit 
menu). Then click on L (x) which can be found on the functions palette 
since it is declared in this notebook.

O Bsc

\
y + 2—y+y

ox
=  L ( D

/
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Substitution is per
formed by holding 
down the OD or 
P>1 key and 
dragging the 
expression.

The actual display 
may vary slightly. 
You may have to 
manually com
mute terms so that 
all three terms 
with Y will be to
gether as they are 
here.

Click on the equals sign in the equation, then Simplify, which performs 
a transformation rule as follows:

Select the term containing the summation as shown below.

a  + 2 ( " ^ ' ° ] + s  + s 2  Y + y = ®

Expand to get:

Select the initial conditions (which you typed in), then Substitute each 
of them into the previous expression.

- s w m + 2 i - w m + s Y ) + s 2 7 + Y = -s

CDSBIHBHI
This turns the subscripted expressions into constants, as shown below.

£ 2 ( s Y - 2 ) + s 2Y + Y - 2 s  + 2 = |

Move Over the s on the right side to the left.

£ s (2 [s Y - 2 ] + s2Y + Y - 2 s  + 2) = 1

Select the entire left side, then Expand it. This results in a polynomial 
in terms of s and Y.

Q  s3Y  + 2 s2Y + s Y - 2 s 2- 2 s  = 1

Select the three left-most terms that contain a Y,

A  S C T E B g B B -  2 s 2 -  2 s  =  1
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.then Collect.

These rules can be 
examined by ex
posing the col
lapsed defin itions 
at the top of the 
notebook.

Q  (s2 + 2s + l)s Y - 2 s2 -  2s = 1

To solve this expression for Y, select Y, then Isolate.

2s2 + 2s + 1
(s2 +2s + l)s

Now we will make use of a function I, which is defined in this notebook. 
Click on the equal sign in the equation, then Select In and click on I(x ) 
from the functions palette.

\

2s2 + 2s + i 
[s2 +2s + i]s

Now we must apply the Inverse Laplace transform to both sides of the 
resulting equation. For this problem, the fraction on the right side 
must be simplified using partial fractions. Select the fraction (inside 
the parentheses) on the right side, then Expand it.

\
~ + ~ 2 —  -------------------------s s + 2s +1/

This looks like something that might match one of the Inverse Laplace 
transform rules in the notebook. To test this, click on the equal sign in 
the equation, then Select In once and Simplify.

A *  = ? + 1

Note the question mark. This indicates Theorist was unable to resolve 
the Inverse Laplace transform for the second term, which tells us the 
fraction must be reduced further still. Select the denominator in the 
second fraction on the right side,

A J(y)=i i +

.then Factor it.

A J(y)=i
\ [s + l];
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Now select the right fraction and Expand again.

A ^ y W 1
\

-  +  
S

We are ready to try finding the Inverse Laplace transform again. Click 
on the equal sign in the equation, Select In, then Simplify. The result 
is the solution to the original differential equation.

- x .

Verifying the 
Solution

Substitute the solution into the original differential equation,

...to get the following.

( e " x - e “ K 3c +  i ) + 2 ( - 2 e " 3C +  e " x ar) +  e " x - e ~ x 3t +  i  = 1

Expand the left side.

£ i  =  i

This proves that we have found a solution to the original differential 
equation.
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